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1. (25%)

The table below reports summary statistics of stock market index returns for
various markets over the period from January 1, 1998 to December 31, 2020,
where TW denotes Taiwan and HK denotes Hong Kong. From a statistical
analysis perspective, which market should we invest in? Why? It is often said
that higher risk is associated with higher return. Do real-world data exhibit such

a pattern? How can this relationship be empirically examined?

| DowlJones  S&P500 Nasdag TW = HK  Madrid Paris

Mean -0.07% -0.08% -0.11% 0.01% -0.04% -0.02% -0.05%

Std. Dev 0.012 0.013 0.023 0.017 0.014 0.013 0014

Skewness 0.202 0.154 -0.314 - 0.172 0.007 -0.062 0.096

Kurtosis 5.798 4.744 5950 3.889 4.726 3.660 4.134
2. (25%)

It is often said in finance that: “Do not put all your eggs in one basket.” In
other words, diversification is important. This idea can be explained using
statistical concepts. Under what assumptions dees this statement hold true? In

what situations might this statement be incorrect? Please prove your results.
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1. The random variable X has a log-normal distribution if ¥ = In X is
normally distributed. If Y~N(0, 1), the mean of X'is 1/2 o

2. Suppose the simple regression model is given by y, =pfx +¢ 1 g~
N(0,0%) °Let &, denote the residual of this regression model. In this case,

we have

n

zlg =3 x4 =0.

3. Consider a simple regression model Y.=px,+& Model 1 assumes
homoskedasticity, that is, & ~ N({©o0?) . Model 2 assumes
heteroskedasticity, that is, g ~ N(O, 0,2) where o7 % 0'12. may vary
across observations. Suppose {Ox),....(v,,x,)} are the data collected
by the researcher. In this case, regardless of whether Model 1 or Model 2

is assumed, the ordinary least squares (OLS) estimates are identical.

4. Ttis well known that B(X -E(X)) <E(X-c)?,Ve for any real number
c; this is an in:iportant property of the méan squared error (MSE). Let X
and Y be two independent random variables, and let ¢(¥) be a function
of ¥. Then E(X -E(X ))zus E(X - o)) also holds.
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5. Let the Student’s ¢ distribution be denoted by #(n), where n is its degrees
of freedom. Let F(m,n) denote the F distribution with degrees of
freedom m, n. When n=3, the first and second central moments of #(n)
exist (with mean eqﬁal to 0 and variance equal to 3), but the third central
moment does_ not exist. Moreover, applying a nonlinear transformation to
13) yields a #(3)* = F(13) distribution. For this #(3)? distribution, the
first central moment exists, but the second central moment (i.e., the

variance) and the third central moment do not exist.
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Cumulative Standardized Normal Distribution

A(2) is the integral of the standardized normal
distribution from — o to z (in other words, the
area under the enrve to the left of z). It gives the
probability of a normal racdom variable not
being more than = standard deviations above its
mean. Values of z of partienlar importance:

= Al

1645 09500 Lower bmit ofright 5% tail

1960 09750 Lowermitofrght 5% tail

2316 05900 Lowerlmit of right 1% tail

2376 09950 Lower mit of right 0.5% il

3090 09990 Fowerlinttofright 0.1% tail

3281 09995  Lowerlmitofusht 005% &3

4
z 0.90 0.01 .02 0.03 004 0.05 005 0.07 0.08 0.0%
00 05000 05040 03080 05120 05160 05199 05239 05372 05319 05359
OF 05398 035438 05478 05517 05557 05596 05836 05675 05714 05733
02 05795 05832 L5871 05910 03948 (.5987 06026 05064 06103 06141
03 06179 06217 06255 06293 0631 05388 06406 06413 06480 06517
04 06554 06531 06625 0.6664 06700 06736 06772 05308 0838 06579
05 06913 06950 06985 07013 07054 07088 07123 0757 07190 0.7324
06 07257 07281 073 07357 07383 07422 07454 0MS6 07517 07549
07 07330 05611 07642 07673 G764 07754 07764 07794 07823 07852
08 07881 07510 07939 07967 0.7995 08033 08051 08078 05106 08133
09 0815 08186 08212 08238 08264 08259 08315 0830 05365 05339
10 08413 08435 OB8461 02485 08508 0.853 08554 08577 08399 08621
Ll 03643 08665 08686 08708 08729 08149 08770 0S990 0SSI0 08830
12 08349 0886 08388 085907 08925 Q894 0896 08983 08997 03015
13 09032 09045 09066 09052 09052 09115 05131 09147 09163 09177
14 00132 052067 09222 09236 09251 09265 09379 0592 09306 03319
15 08332 09345 09357 09370 09332 093 09496 05413 0849 05341
16 09452 05463 0474 09484 095 09505 09515 09525 09535 09545
17 09554 05564 09573 09582 05591 09559 09508 09616 09635 0363
1.3 09641 09645 09656 09664 09671 09675 09586 05693 09699 09706
12 09713 09719 09726 Q9732 05738 0974 09750 09756 09761 09767
2 09772 09778 09783 09753 05793 0975 05503 09868 08812 038517
21 09321 09826 05330 09834 09838 09342 09346 09550 09954 05857
12 09361 09864 09368 09371 (09875 09378 05881 09384 009987 09530
23 09893 09396 05598 09901 09904 09505 05509 09911 09913 09916
24 09918 09920 09922 09925 09927 08979 09931 09932 09934 09936
25 09938 09940 09941 09943 09945 09946 09945 09243 09351 05952
26 09855 08955 09936 09957 09957 09950 09961 09962 09963 0.9963
27 08965 08966 09967 09968 05363 09970 09571 05372 09973 09974
28 08374 0997% 09376 059977 09577 09978 05979 05978 05950 09981
29 09931 09982 09382 09983 09934 09951 09985 09935 09956 09736
30 09937 09937 09987 - 09983 0.9958 05959 09959 05989 0999  0.5990
31 09990 05991 09991 0991 0S99 0X992 09993 06992 09993  0.9993
32 09993 09993 09994 09993 09994 09994 09994 09935 05995 09995
33 09935 09995 09995 09996 09996 009996 09995 09996 0999 0.9957
34 09997 09997 09957 09997 09997 09957 09997 09937 09997 09958
- 35 05998 09998 09998 09958 0.9998 09598 09998 09998 09958 09998

36 09998 09998 05999
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F Distribution: Critical Values of F (5% significance level)
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