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Instructions:
+ Answer all questions.
+ Write the question number clearly on the answer sheet before writing the solution for each question.
+ For fill-in-the-blank questions, only the final answers are graded.

« For other questions, show your reasoning and calculations. Presentation is also graded.

» No electronic device, computer algebra system or Al assistant is allowed for this exam.

1. (44 points) Fill in the blanks (4 points each).

@) Jim Y2 = () (b) = (22)" = (1b) © 2277 = (o)
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2. Given the differential equation
)
(y-l)a—i+m(y—1)2=0,
solve for y = y(z) with the following initial conditions.

(a) (4 points} y(0) = 1;
{(b) (8 points) y(0) = 0.

3. Evaluate the following integrals.

a) (6 points) f ] dxdy
(b) (6 points) /f] y* dV, where P:= {(z,y,2) e R® | 2 + 2> < 2 < 2}.
P

4. Consider the function f(x,y, z) = zy*2> defined on the region
Q:={(z,y,2) R’ |2>0,y>0,220} .

(a) (4 points) Given a point p = (a,b,¢) € Q witha > 0, 5> 0 and ¢ > 0, find the direction where f increases
most rapidly at p.

(b) (3 points} The minimum value of f on Q is (4b) .

{c) (9 points) Find the maximum value of f on the surface
S:={(z,4,2)€Q |+ +2 =6},

i.e. the intersection of @ and the sphere of radius v/6 centred at the origin.

5. Let
Q= {(a:,y,z) e R® I 2e=1— /224942, 2> O} ,
which is a half cone in R? and is endowed with the upward orientation (in the positive z-direction). Let
i+ yj + zk

E:= 3
(2 + 3% + 22)2

be a vector field on R3.
(a) (6 points) Find the divergence divE of E.
(b) (10 points) Compute the surface integral / f E - dS over Q.
Q

(You may want to consider the hemisphere  := {(z,y,2) € R3 ’ 24yt t=1, 2> 0}.)
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