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(10%) (10%)
2 | 7
(10°%) (10%)
3 8
(10%) (10%)
4 9
(10%) (10%)
-5 10
(10%) (10%)

1. (10%) Consider a 2-dimensional random walk. The starting state is (0,0). In
general, if the current state is (i,j), it can move to state ({+1,j+ 1),
(+1j-1, (i-1j+1), (i—1j—-1), or (i,j). What is the number of

possible states after # steps?

2. (10%) Let there be N functions from. A to {1,2,3,4,5,6,7,8,9}, where A is a set of

functions from {1,2,3,4,5} to {1,2,3,4,5,6}. Calculate Nmod 11:

3. (10%) Derive the solution for a, that satisfies the recurrence equation @, =

6a,1—11a, ,+6a, 3 with ay=1,-a; = 2,and a, = 2:

4. (10%) The generating functi_orn.h in partial Jraction. decomposition for the above

recurrence equation is

5. (10%) Let N be he number of non-negative integer solutions of x, + Xz 4+

X33 < 6. Calculate Amod 11:
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6. (10%) The following linear system of three unknowns has a non-zero solution if
and only if A = '

x1+2x2-2x3 =0,
le“‘xzi'AX3==0,
3x1+xé+l’3=0.

7. (10%) Let

4 3
A*[1 2
and suppose that
200¢ _[¢ b
4200t = [ °1

a+b+c+d
Then, 52004

8. (10%) Let

11 1
a=fi b=[o]
0 0 1

Then, the minimum-norm least-squares solution of the linear system Ax = b is

9. (10%) Let A be an nxXn positive semi-definite matrix with eigenvalues
A4, ..., A, and corresponding eigenvectors vy, ...,¥,. Suppose that. A, > 4, >
-+ > A, and that the eigenvectors have unit 2-norms. Let ¢ be a strictly j)ositive
real number. Then, the minimum value of the function f(X) = trace(AX) over
all nXn Hermitian matrices X satisfying ||X|l. <c¢ is attained at
X = . Here, ||X]|. denotes the nuclear norm of the matrix X, i.e., the
sum of the singular values of X. Express your answer in terms of 4;, v;, v, c,
and numbers, where v; denotes the conjugate transpose of v;.

10. (10%) We say that a function f is L-smooth relative to another function g for
some positive real number L overaset X if the matrix V2(Lg — f)(x) is
positive semidefinite for all x € X. Now, let

f(x) = —aln(alx) — BIn(alx),
where a¢ and f are strictly positive real numbers and a; and a; are entry-wise
strictly positive real n-dimensional vectors. Here, a” and b7 denote the
transposes of a and b. Let

() == In(x[i],

where x[i] denotes the i-th entry of the vector x. Then, the smallest possible L
such that the function f is L-smooth relativeto g over the set

{v € R? | v[i] > O forall i,v[1] + v[2] + -+ + v[n] = 1}
isgivenby L = . Express your answer in terms of @, B, ai, Gy, ai,
al, and numbers.
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