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® Any device with a computer algebra system is prohibited during the exam.

¢ There are FOUR questions in total. Label the question numbers clearly on your work.

e Answer all questions. You will have to show all of your calculations or reasoning to obtain credits.

1. (30%) Let f,g:R ~ R be differentiable functions satisfying

() f(z)=3f(z) +4g(z) foralizeR,
() ¢'(z) =-4Ff(z) +3g(z) foral zeR,
() f(0)=0,  g{0)=2.
(a) Consider
H{z) = (f(z)-2¢° sin(tlal:))2 +{g(x) - 26> COS(4.’.B))2
Prove that H'(z) = kH(z) for some constant k and find the value of k.
(b) Hence, find f{z) and g(x) explicitly. ‘

2. (30%)

(a) Find the Maclaurin series of

1
. Specify the radius of convergence R.
27 + 3

3 gm .
(b) Let Im = -/(; m dx with m > 0.
(i) For each integer m > 0, express I, as
Iy = Z (—1)"c -y g Where ag ,, > 0.
k=0

Find ay .
{ii) Hence, by using a partial fraction decomposition, evaluate the sum

i (—l)k . 108k+45
P (3k+1)(3k+2)’

3. (20%) Evaluate the following integrals.
(a') '[/'-R($+y)2d_A, R:{(g:,y)ERZ: Iz|+ly|£]_}_
{(b) fffD(a: +y+2)2dV, D={(z,y,2) e R®: lz| + [y} +|2| g 1}. '

4. (20%) Consider a smooth real-valued function U(zy, s, z3) such that

au U au
— >0, — >0, — >0
oz, ) Bia >0 Bz >0

for z3, 2,73 2 0. We wish to maximize U (z1, 22, 23) subject to the constraints
P1xy + Poxa + Pyzy < 1, 2,20, 2220, 23 20,
where Py, Py, P53, > 0.

(a) Explain, in one or two sentences, why the maximum value of U exists in this setting.

(b) Explain why, at a maximizer (2],%3,z3) of the above optimization problem, one must have
Pzl + Pg:l’,‘;‘ + Pyxy = I

(c) Now treat Py, P, P, I as parameters. Let U*(Py, Py, Py, T ) be the maximum value of J subject to the con-
straints. Determine, with explanations, the signs (positive/negative/zero) of
au* oUr  8uUr U
ap’ 8P’ 8Py’ Ar’

In one or two sentences, explain what these results mean in a real-life/commercial context.
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