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Instructions

Answer all problems. Provide full reasoning and clear justification for each answer.

Problems: each 10 points

1. (Continuity and differentiability) Define

sinzx
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a, z=0.

(a) Determine the value of a such that f is continuous at z = 0.
(b) Determine whether f’(0) exists, and if so, compute it.

2. (Two-variable limit) Evaluate, and justify existence or nonexistence of,
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3. (Series convergence) Determine whether the series
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converges or diverges. Give reasons.
4. (Limit proof) Calculate the limit
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5. (Substitution integral) Evaluate the integral
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6. (Double integral) Compute
[[E+vaa,  D={@yle20y20s+y<1)
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7. (Uniform convergence and differentiation) Let
falz) =

(a) Find the pointwise limit f(z).
(b) Determine whether {f,} converges uniformly.
(c) Discuss whether limit and differentiation may be interchanged.
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8. (Parameter-dependent integral) For a > —1, define

1
I{a) = / z*lnzdz.
0

(a) Compute I(a).
(b) Evaluate lig(l) I(a).

9. (Changing order of integration) Evaluate
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dz dy
/0 /y 1+ 22

by reversing the order of integration.

10. (Interchanging summation and.integration) Consider

FSe)e

(a) Justify whether one may interchange sum and integral.
(b) Evaluate the resulting expression.
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