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1. (10%) Let X be a random variable and p € (0, ). Assume the p-th moment of X exists. Prove that

E|XiP = fm;otl"1 Pr(|X| > t)dt.
0

2. (10%) Let u(z) = E(Y | Z = z). Show that

|4 (Z) 2
_____?/:l(r“(y) )~ corr (Vu@®)= sup Corr?(r,9(2))

where the supremum is taken over all square-integrable functions of Z.

3. Let {X,...Xy} and {(X,, Y1), ..,(X, Y.)} be independent sets of random samples from the same
population.
(a) (10%) Given a prediction function f, show the estimator

N n
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6= -,—V-Z £(%) +5Z(Yi SC0)
J= R

is unbiased for 6 = E(Y).
(b) (10%) Find the condition on the correlation between ¥ and f(X) to make 8 have smaller MSE than
Y, =n"*YL,Y; interms of the standard deviations of ¥ and f(X),

4. Let Xy,..,X, beiid N(y c%) random variables withunknown p € R and known o2 > 0.
(a) (15%) Find the UMVUE of 0 = e with a fixed ¢ # 0.
(b) (15%) Determine whether the variance of the UMVUE in (a) attains the CRLB.

5. Let X; and X, be independent Exponential random variables, with density

1
f(x;8) = Ee-x/et,x >0,i=12

L
Define y = 6,/6,. Find a LR test of size a for testing
(a) (15%) Hy:y =1 versus Hi:y # 1
(b) (15%) Hy:y <1 versus Hi:y > 1
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