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7. (10%) Let A be an m X n matrx. Prove that if ¢ is any nonzero scalar, then rank(cA) = rank(A).
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1. (10%) Show that if M; = (1) g],MZ = [g (1)],and M; = (1) (1)] then the span of {My, M, M3} is the set of]
all symmetric 2 X 2 matrices.

2. (10%) Let W; and W, be subspaces of a finite-dimensional vector space V. Determine necessary and sufficient
conditions on W; and W, so that dim(W, n W,) = dim(W,).

3. (10%) For any angle 6, let Tg(ay,a,) be the vector obtained by rotating (a,,a,) counterclockwise by 6 if
(a1, az) # (0,0), and Ty(0,0) = (0,0). Show that Ty:R? — R? is a linear transformation.

4. (10%) Let W be a subspace of a vector space V and T:V — V be a linear transformation. Suppose that W is T-
invariant. Prove that N(Ty,) = N(T) nW and R(Ty,) = T(W).

5. (10%) Let V and W be vector spaces, and let T and U be nonzero linear transformations from V into W, If
R(T) nR(U) = {0}, prove that {T, U} is a linear independent subspace of L(V, W).

6. (10%) In R?, let L be the line v = mx, where m # 0. Find an expression for T(X, y), where T is the projectionw

on L along the line perpendicular to L.

8. (10%) Suppose that the sequence f,n =1,2,3,... satsfies f,, = 2f,_4 +£,_5, f; =1, f, = 1. Find the general
solution for f,, with n > 3.

0. (10%) Suppose that A € M,,,.,(F) has two distinct eigenvalues, 1, and g, and that dim(Eul) =n— 1. Prove]
that A is diagonalizable,

10. (10%) Let T be an invertible linear operator on a finite-dimensional vector space V. Prove that if T is
diagonalizable, then T~ is diagonalizable.
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