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1. Let X;, Xs, ..., X,, be independent identically distributed (i.i.d.) from normal distribution

N(0,0?). Consider the following estimators:

1 1«
T1=§|X1'—X2l and T2= E;XE

(a) (5 points) Is T} unbiased for 0? Evaluate the mean square error (MSE) of 73.

(b) (6 points) Is T; unbiased for ¢7 If not, find a constant ¢ such that ¢} is unbiased

for o.

2. Let X;, Xy, ..., X, be a random sample from a population with probability density func-

tion \
f(z|0) = %%—, 0<z <8,

where § > 0.

(a) (5 points) Find the maximum likelihood estimator of 6.
(b) (5 points) Find the method of moments estimator of 8.

(c) (7 points) Obtain a pivotal quantity of 8. A pivotal quantity is defined as a function
of the data and the parameter # but whose distribution is free of the parameter.
(d) (5 points) Use the pivotal quantity from (c) to derive a (1 — @) x 100% two-sided

confidence interval for 8.

3. Let X1, Xa,..., X, be a random sample from a population with probability density fune-
tion

f(z|6) = —2-;-6‘”2’9, x>0

and f(z|8) =0for z < 0.

(a) (5 points) Show that X7 is an unbiased estimator of 6.

(b) (7 points) Find the Cramér—Rao Lower bound (CRLB) for the variance of an unbi-

ased estimator of 8.

(c) (5 points) Find the uniformly minimum variance unbiased estimator (UMVUE) of
6.
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. Let X3, Xs,..., X, denote a series of random variables sampled from a distribution with

probability density function f{z;8). Suppose that a test of level o is required to evaluate
Hy:0=0yand H, : 6 =8,.
(a) (10 points) State and prove Neyman-Pearson lemma.

(b) (5 points) Assume that X, X,,..., X, are sampled from N{x,1). Find a best critical
region for Hy: p=0and H, : p =1 at level a.

. Let X denote a sample form a distribution £. Suppose that a test of level o is required

to evaluate Hy : § = & and H, : £ = £, where &; is a known distribution with probability
density function f;(-). For any o > 0, define

I i fi(X) > ce) fo(X);
To(X) =1 rlo) if A(X) = cla) fo(X);
0 if i(X) < cle) fo(X),

where 0 < r(a) <1, c(a) > 0, and E[T,(X)|¢ =&] =a.

(a) (10 points) Show that c{a;) > c(az) if oy < as.

(b) (10 points) Show that the type II error probability of Ty, (X) is larger than the type
IT error probability of T, (X) if @; < as.

. {15 points) Let Y¥; and ¥, denote two independent multivariate normal random vectors

given by

H

Yi o~ N(A/l()]-n ~+ Z‘YlagzIn) a'nd Yé ~ N(’YZO]-H. + ZFY23 G2In)

where 719 and -y are parameters, v; and 7y, are ¢ x 1 parameter vectors, and Z is an
n X g full-column-rank matrix. Note also that 1,, is the n x 1 vector of ones and I, is the

identity matrix of order n. Find a likelihood ratio test of level o for Hy : 4 = ~¥2 and

Hy i # 7.
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