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1. (10 %) Let E be a nonempty bounded subset of R and o — supE. Show that there is an

increasing sequence x1,xs,...,x,,... in E such that lim Koy = 0L,
n—yoo

2. (10 %) Determine the limit:

1i_>m (\/x2+x+1— Va2 —x+ 1) .
X—00

3. (10 %) Let C be a compact set in a metric space (M,d). Show that C is bounded and closed.
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4. (10 %) Consider the function Flx] = ] _T_ 5 for x € R. Is f uniformly continuous on R?
x

Justify your answer.

5. (10 ) Let f,g be two differentiable real functions on R. Suppose that f'(x) = g(x) and
g (x) = —f(x) for all x € R. Show that h(x) = (f(x))* + (g()())2 is a constant function on R.
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6. (10 %) Evaluate the infinite series: k; m

7. (10 %) Suppose that f is a bounded real function on [0, 1] such that g(x) = (f(x))* is Riemann
integrable on [0, 1]. Show that f(x) is also Riemann integrable on [0, 1].

8. (10 %) Find the radius R of convergence for the power series Z C2"x". Does the series
n=|

(2n)!
(n!)?

9. (10 %) For any continuous function f on [0, 1], define

converge at x = R? (Remark. C2" = is the binomial coefficient.)

i
Fly) = / f(x)cos(xy)dx, 2<y<4.
0
Show that F is differentiable in the open interval (2.4).

10. (10 ) Let B={(x,y,2) € R*: x +y?+ 2% < 1} be the solid unit ball in R®. Evaluate the

triple integral: .
/ / / 2 drdydsz.
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