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Part I: Calculus (&3tE@2XRARLH > @45 50 5)

1. Do the following two questions.

T+ 2
r—1

(a) (6 pts) Explain why the improper integral / (
2

;(H2)t gt
(b) (6 pts) Evaluate the limit lim L(%

T—r00

) dz is divergent.

2. Let f(z) = (Inz)(In(Inz)) — 1.

(a) (4 pts) Find the domain of f.
(b) (4 pts) Find the open interval where the graph of f is increasing.

(c) (5 pts) Show that f has exactly one zero in its domain.

3. (9 pts) Find the maximum value of the function f(z,y,z) = z + 2y + 3z on the curve of intersection
of the plane z — y + z = 1 and the cylinder z2 + P =1,

1 l-z
4. (8 pts) Compute the integral / / VvV +y (y—2z)? dydz.
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5. (8 pts) Let (r,6) be the polar coordinate. Find the area of the region bounded by the two curves:
r=1-cosf and r =1 + cos¥.
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Part II. Linear Algebra (#% 50 %)
1. (24 pts) Let {by,...,bs} and {e;,e;,e3} be the standard basis for R® and R3 respectively.
Let T : R®> — R? be a linear transformation satisfying

T(b;) =e; +6e3, T(by)=—e; +2e; and T(by) =3e; —4es + 5e;3.

Suppose that T is defined by T'(x) = Ax for some 3 x 5 matrix A and that the reduced row
echelon form of A is given as follows:

1 8 -1 0 1
R={01 =2 0 6
00 0 12

(a) Find a basis for the null space of T
(b) Find the matrix A.

(c) Show that there exists a linear transformation S : R®> — R® such that
T o S : R® — R3 is the identity transformation on R3. Is S unique? You need to explain or
verify your answer.

2. (12 pts) Let T : R™ — R™ be a linear transformation of rank r and let {v1,v2,...,V,} be a basis
for R™. Define N = {(a,...,an) | aaT(v1) + a2T(v2) + - - - + azT(vn) = 0r,} where 0,,, denotes
the zero vector of R™.

(a) Show that A is a subspace of R” and that dim N'=n — 7.

(b) Let R be the range of T and let I be any linear independent subset of R™. Show that
|I N R| < r where |A| denotes the number of elements in the set A.

5, ifi=j;
. 3, ifi—j=1;
3. (14 pts) Let A = [a;;] be an n x n matrix where a;; =4 ' . j—i=1,
0, otherwise.
= o]
That is A= | 0l-
: e M 2
0 ... 0 3 5

(a) Find the determinant of A.

(b) For the case where n = 3, determine whether or not A is diagonalizable. You need to
explain your answer.
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