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1. Let y;=|1{, y,=|1}, y3=|0/{, and let L be the linear transformation from R to R
1 0 0 |

defined by L(cyy; + ¥y +€3y3) = (¢ + 3 +¢3)y1 +(2¢; +¢3)y2 —(2¢3 +¢3)Y3.

(a) Find a matrix representing L with respect to the ordered basis [y, y,,¥3]. (10%)

(b) For each of the following, write the vector x as a linear combination of y;,¥,,y; and
use the matrix from part (a) to determine L(x). ‘

1 x=(7,52) ) x=3,2,1 (10%)

2. The town of Midvale maintains a constant population of 300,000 people from year to year. A
political science study estimated that there were 150,000 independents, 90,000 Democrats, and

160,000 Republicans in the town. It was also estimates that each year 20 percent of the
independents become Democrats and 10 percent become Republicans. Similarly, 20 percent
of the Democrats become independents and 10 percent become Republicans, while 10 percent.
of Republicans defect to the Democrats and 10 percent become independents each year. Let

150,000
) x=| 90,000
"-j‘ 60,000
and let x"' be a vector representing the number of people in each group after 1 year.
(a) Find amatrix 4 such that 4x =x®, (5%)
(b) Show that Ay =10, A,=05, and A;=0.7 are eigenvalues of 4. Find the
eigenvectors corresponding to 4, 4;,and 4. | (10%)
(c) Factor 4 into product SDS~™!, where D is diagonal. (10%)
(d) Which group will dominate in the long run? Justify your answer by computing
lim A"x. ' 8 - (5%)
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3. Given

(5 4 7 ' 2 5
A={2 -4 3|, b=|-5|, ¢=|-4
2 8 6 4 2

(a) Solve the system Ax=Db using complete pivoting. In complete pivoting the pivot
element is chosen to be the element of maximum modulus among all the elements in the
remaining rows and columns. : (10%)

(b) Let P be the permutation matrix determined by the pivot rows and let Q be the

permutation matrix determined by the pivot columns. Factor P4Q into a product LU.

o -~ (10%)
(c) Use the LU factorization from part (b) to solve the system Ax=c. (10%)

4. Consider a system of the form

(& s )G

where A4 isanonsingular nx»n matrixand a, b,and ¢ are vectorsin R”"
(a) Multiply both side of the system by a matrix to obtain an equivalent triangular system.

(10%)
(b) Set\;“s}_': A7'a and z=47'p. Show that if S—cTy=0, then the solution of the

system is given by

Xpoq = bn+l.'"c_2:_z_
B-c'y
X =2 Xy (10%)
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