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Part I: Calculus

1. Evaluate the following limits.

: ; tan2x+ sinx . V22 a4y
(a) (4 points) )1(1_{[(1) T Vi (b) (4 points) Igri)m—x—_

2. (6 points) Let I be the plane curve x> +y* — 6xy = 0. Find the slope of the tangent line to I"
. (48

at the point (5, 5).
3. (8 points) Let n be a positive integer, and P,(x) be the following polynomial:

, 8

Pn(X) = ﬁ(xl — l)n

Show that the equation F,(x) = 0 has n distinct real roots.

4. Consider the function f(x,y) = 2xy — 3 (x* +y*) + 1.

(a) (4 points) Find all critical points for f(x,y).
(b) (4 points) Classify all critical points above as local maxima, local minima, or saddle
points.
5. Evaluate the following indefinite integrals.
(a) (4 points) / sin(lnx2) dx. (b) (4 points) / ﬁ? dr.
6. (6 points) Find the area of the region that lies inside the circle r = 1 and outside the cardioid
r=1-—cosé.
7. (6 points) Find the values of ¢ such that the following integral is convergent:

sinx
0 x% ik
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Part II: Linear Algebra

1 21 -1 2
. 2 5 1 =1 . 0] . .
1. (20 points) Let A = 131 2 be a 4 x 4 matrix. We know that v = o | 18 in
2 4 2 -1 3

the column space of A.
(a) Find the determinant det(A).
(b) Find an orthonormal basis of the column space Col(A) and the null space Null(A).

(c) Find the inverse A™'.

(d) Express v as a linear combination of the column vectors of A.

2. (20 points) Let M2 be the vector space of all 2 x 2 real matrices and let P2(R) be the
vector space of polynomials of degree less than or equal to 2. Let 4 and 7 be the ordered
bases for Msx2 and Py (R), respectively, where

ﬂ:{(g i)v(i (1))7((1) }>’<i é)}) ’)’={1'2,1L'2+$,272+.’L‘+1}.

Consider the following two functions Ti,T» from DMaxs to P2(R).

o T is defined by Tl((ccl Z)) = bx® + 2dz + a+b.

« T, is the linear transformation whose matrix representation in the ordered bases g

and 7 is
3 23 -2
111 0].
121 -1

(a) Prove that T is a linear transformation.
(b) Compute the matrix that represents T; in the ordered bases f and 7.

. 1 -1
(c) Find T2((_1 1))
(d) Find the null space of T5.

3. (10 points) Let A € DMnxn. For any eigenvalue A € R of A, let Ex(A) denote the
corresponding eigenspace for A.
(a) Suppose that A, \' are two distinct eigenvalues of A. Prove E, (A) C Ex(A%)*.

(b) Prove that if v € R™ is both an eigenvector of 4 and an eigenvector of A, then
Av = A'v.
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