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1. (20 points) Multiple choices questions, gain two points for each correct answer.

4 0 1
(a} Consider the homogeneous linear system Ax = 0 | where A={1 4 -3 3|,
00 3 4

which one of the following statements is correct?
(1). Ax =0 has no solution.
(2). Dimension of null space of A is 2.
(3). Dimension of null space of A is 3.
(4). For any vector b € i?, Ax = b has at least one solution.
{b) Which one of the following subset of all 2 x 2 real matrices is a vector subspace.
(1). All 2 x 2 anti-symimetric matrices that is A7 = —A.
(2). All 2 x 2 invertible matrices.
(3). All 2 x 2 singular matrices.
(4). All 2 x 2 matrices that satisfy the property A* = 0.
(¢} Let A be a4x4 invertible matrix. Which one of the following statement is incorrect?
(1). A= E\F5--- E} where each F; is a 4 x 4 elementary matrix.
(2). det(A)=0.
(3). Ax = b has a unique solution.
(4). (AT = (A7),
(d) Let A be a 3 x 3 matrix with eigenvalues —1,2,4. Which one of the following
statemnts is incorrect?
(1). A is invertible.
(2). A is diagonalizable.
(3). Trace of A: tr{A) =7
(4). det(A) = —8
(e) Which one of the following statements is not a basis for the vector space of all
symmetric 2 x 2 matrices.
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{f) Let A be a 4 x 7 matrix. Which one of the following statements is incorrect?
(1). The maximum possible value of rank(A4) is 4.
(2). If rank(A) = 3, then dimension of column space of A is 4.
(3). If rank(A) = 4, then Ax = 0 has infinite number of solutions.
(4). Rank(A)+ Nullity(A) =7
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{g) Let L be a lower triangular matrix. Which one of the following is incorrect?
(1). If L is invertible, then L is an upper triangular matrix.
(2). det{L) is the product of diagonal elements in L.
(3). If L is a square matrix then L% is a lower triangular matrix.
(4). LT is an upper triangular matrix.

(h) Let A be a 3 x 3 matrix with eigenvalues : 2, 3,4 which one of the following state-
ments is incorrect?
(1). A" has cigenvalues 1 £ 1.
(2). A? has eigenvalues 4,9, 16.
(3). AT has eigenvalues 2, 3, 4.
{(4). A+ bI has eigenvalues 2, 3, 4.

(i) Let V' be the real vector space of continuous function over [-1,1] with the in-
ner produect < f, g >= f_ll f{z)g(x)dz. Which one of the following statements is
correct.

(1). 1,€" is orthogonal.
(2). 1,2% is orthogonal.
(3). €*,e7® is orthogonal.
(4). z,z” is orthogonal.
(i) Which one of the following statements is incorrect?

(1). If b is in column space of A, then the least square solution to Ax = b is also a
solution to Ax =h.

{2). The normal system A7 Ax = ATb is always consistent.

.

3). The least square solution to a system Ax = b is always unique.
{4). The least square solution to Ax = b is the projection of b in the column space
of A

2. (10 points)

(a) (5 puints) Briefly explain spectral decomposition about matrix property, eigenval-
ues and diagonalization. Then give the definition of spectral decomposition.

(b) (5 points) Briefly explain singular value decomposition about matrix property, sin-
gular vaiues, diagonalization and orthenormal matrices. Then give the definition of
singular value decomposition.

121 =7
3. (10 points) The matrix A = |2 4 1 —5| is converted to row-reduced echelon form
122 —-16

Give an

0
1
0

fan i o ]

1 2
by Gaussian elimination, resulting the following matrix £ =10 0
0 0

orthonormal basis for the row space of A.
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4. {10 points) Consider the basis S ={vy,vy} for B?, where vy = (1,1)7 and vy = (1,0)7,
and let 7' : R? — R? be the linear operator for which : 7'(v1)=(1,-2)7 and T(vy) =
(—4,1)7.

{a) {4 points) Compute T(5, —3).
(b) (6 points) Find a formula for T(x;, x2).

5. (18 points) Let Q(z,y) be the statement x+y = z—y. Determine the truth value of each
of these statements if the universe of discourse for both variables consists of all integers.

(a) Q(1,1)
(b) Q(2,0)
(c) VuQ(1,y)
(d) H2Q(z,2)
(e) JzdyQ(z,y)
(f) VzdyQ(z, )
(&) IWzQ(z,y)
(h) VydzQ(z,y)
(i) YavyQ(z,y)
6. (10 points) How many numbers must be selected from the first 12 positive integers to
guarantee that at least three pairs of these numbers add up to 137
7. (10 points) A string that contains only Os and 1s is called a binary string.

{a) (5 points) Find a recurrence relation for the number of binary strings of length n
that contain a pair of consecutive Os.

{b) (2 points) What are the initial conditions?
(¢) (3 points) How many binary strings of length 7 do not contain two consecutive 0s?
8. (12 points) A simple graph is called regular if every vertex of this graph has the same

degree. The complementary graph G of a simple graph G has the same vertices as G.
Two vertices are adjacent in ¢ if and only if they are not adjacent in G.

(a) (4 points) How many vertices does a regular graph of degree 6 with 36 edges have?

(b) (4 points) If G is a simple graph with 50 edges and G hes 16 edges, how many
vertices does & have?

(c) (4 points) If the simple graph G has z vertices and v edges, how many edges does
G have?




