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1. Suppose that a random variable X has the probability density function (pdf) given by
i}
il B = E;
FO B = Y201 - Bytanh (1 -28) / B \* 1
128 (1—,&)' B#3

where x € (0,1) and f € (0,1) is the shape parameter.

i.  (10%) Find the cumulative distribution function (cdf) F(x, §) of the random variableX .
ii.  (10%) Find the hazard rate function h(x, ) of the random variable X.

iii.  (10%) Find ,]}”}h(x-ﬁ) and jl:i_r}l‘é h(x, ).

iv.  (10%) Find the moment generating function (MGF) My (t) of the random variable X.

v.  (10%) We define the quantile function as F~1(p, ) = Q,(8), p € (0, 1), of the distribution. Find
Q8.

vi.  (10%) Find the score function and the Fisher information of S, respectively. Suppose 8 is the MLE
of S8, give the asymptotic 100(1 — 8)% confidence intervals of the p parameter, where 6 €
(0,1).

2. (10%) Let a random variable X have a distribution f(x; a, b) with parameters b >0 and ¢ € R,
denoted by X~PG (b, c), given by

5 - gk
flxab) = Ef; (k — 1/2)% + c2/(4m2)’

where g, are independent gamma random variables with the distribution h(y; b) given by

h(y;b) = —=yP~1e?,y > 0.

r(b)
Show
= oy (e")"
—b Ky = =
27be J; e plw)dw RETOLE

where Kk = a—b/2 and w~PG(b,0).
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3. let X;, X3, ..., X, bearandom sample of size n from the uniform distribution given by

1 1

i f==<x<B+=

fx;8) = z 2
0, elsewhere.

Let ¥; and Y, be the first and nth order statistic.
i.  (10%) Find the correlation of ¥; and Y.

ii. (10%) Show that any estimator & suchthat ¥, —-< <V, +% can serve as a maximum

2,
2
likelihood estimator of 6.

Yi+¥n

s is unbiased and more efficient estimator than the

ii.  (10%) Show that the sample midrange

sample mean X = iZ?ZIXE for 6.




