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~— ~  Calculus

1. (10 points) Let f(ﬂf) be defined in a neighborhood of the origin. Show that if f/(()) exists, then

. f(h)_f(*h>__ /
s oh = /(0

Give a counter example to show that the converse is not true in general, that is, if the above limit
exists, then it is not necessary that f(0) exists.
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2.(10 points) Find an equation for the line tangent to the graph of ¥ = :U(ln r)” + Inc at the
point (e, 2e).

3.(10 points) Let 1, be positive integer. Evaluate

1 1 1
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riglo r+1+r+2+ +r+nr
4. (10 points) Find the continuous function f and constant ¢ such that

/ tf(t)dt = cosx — —;—, Vo € R.
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5.(10 points) Sketch the region of integration for the given integral / /2 ze” dydz and evaluate it.
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—~ Linear Algebra

1.(20 points) A square matrix is called skew-symmetricif BT = —B. For any square matrix A, prove
that

a.A— AT is skew-symmetric.

b. the diagonal elements of 4 — AT must be zero.
c. x"(A—ANx =0 forall x € R™.

d.I, + A— A" isinvertible.

2.(10 points) Let 4, B € R™™™. Prove that
a. rank(AB) < rank(B)
b. rank(AB) < rank(4)
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3.(10 points) Find an orthogonal basis for R® that contains the vector [2]
_ 3
4.(10 points) Let A4, 4,, ..., 4, be a complete set of eigenvalues of the matrix 4 € R™ ", Prove that
a.det(A) = 444, A,
b. tT(A) = Al + /12 + -+ /1-,1
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