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1. (30%) Brownian Motion

Consider a Brownian motion process {B(t),t = 0}, B(0) = 0 and B(t) is normal with mean 0 and variance
t, and {B(f),t > 0} has stationary and independent increments, where B(t;), B(t;) — B(ty) ...B(t,) —
B(t,_,) for t; < - <t, areindependent and B(ty) — B(ty_1) is normal with mean 0 and variance t; —

trey.
(1) Please give the joint probability density function of B(t,), B(t,)....B(t,) for t; <« < t,. (5%)

(2) Please find the covariance of B(s) and B(t), Cov(B(s),B(t)) for s <t. (5%)

(3) Please find the conditional distribution of B(t) given B(s) = C, and calculate its conditional mean
E(B(®)|B(s) = C) and conditional variance Var(B(t)|B(s) = C) for s < t.(10%)

(4) Please find the conditional distribution of B(t) given B(s) = C,.and calculate its conditional mean
E(B()|B(s) = C) and conditional variance Var(B(t)|B(s) = C) for t <.s. (10%)

(15%) Martingale

A martingale is a random process X(T) satisfied E(|X(T)]) < co and E(X(T)|F,) = X(t) for T > t, where
F, isthe filtration at time .

(1) Please show that {Y (£);t = 0} is a martingale where Y (t) = B%(t) — ¢t. (Hint: find E(Y(T)|F., t < T)).
(5%)
(2) Suppose that we want to use Monte Carlo method to get the price of two-assets rainbow options, so we need

to generate two Brownian motion processes By (t) and B,(t) for ¢ > 0, where they are correlated with|

. B.(t) 0 Y2 e . .
correlation pt, (31 (t)) MN ((0),( ot t)) Assume Zy(¢) and Z,(t) are independent and identically]

.. . . Lid. . .
distributed normal with mean 0 and variance t, Z;(t) =5 N(0,t),i = 1,2. Please describe in detail how to

convert two independent random variables Z;(t), Z,(t) into two correlated two random variables By (t),

B, (t). (10%)
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3. (5C%) Ite’s Lemma and Black-Scholes Pricing Formula '
Let B(t) be a Brownian motion and X(t) be an Ito drift-diffusion process which satisfies the stochastic
differential equation:
dX(t) = u(X(t), t)dt + a(X(t), t)dB(t)
where p(X(t),t) and o(X(¢),t) are the drift term and diffusion term, respectively.
If f(t,X(t)) is twice-differentiable function, then the function f follows the process

af of 1 9%f af
af = < aX(t) pu(X(t), )+28X2(t) Z(X(t),t))dt-!—ax(t)O'(X(t),t)dB(t)_

(1). Do you think what is the advantage of [to”s Lemma for the finance and mathematics? (5%)
(2) Under physical probability measure P, given the dynamic of stock price

ds; = uS.dt + 0S.dB}
where dS, denotes the stock price change at instantaneous time, p presents the expected return of the stock
at instantaneous time, o means the volatility of the stock return, and dB{ is the change of the Brownian
motion at instantaneous time under P.
Please use Ito’s lemma and show that the solution of the stochastic differential equation is

Sp = Soe(u—-o.Scrz)T+o‘AB¥
(10%)
(3) According to the above results, we know that the stock price Sy is said to have a lognormal distribution.
Please find the probability density function, the mean and the variance of the stock price Sy under P. (10%)

(4). Please explain the difference between implied volatility and history volatility to calibration the variance of

the return for the stock? (10%)?

(5) Please derive the Black-Scholes pricing formula (as you know method) at time 0 for European call optionl
with the strike K, the maturity T, andsthewrisk-free interestaate™ . (10%)

(6) Please show that = N(d;) and ac" = SoVT n(d,), where n(-) is the standard normal probability)|

In ( ) +(r +—o‘2)T

density function, N(-) is the standard normal cumulative density function, and d; = oy

. (10%)
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