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1. (10 points) Let G be a group of order pg, where p and ¢ are prime numbers.
Show that every proper subgroup of G is cyclic.

2. (20 points) Suppose that N is a normal subgroup of G, H a subgroup of G and
define

NH = {nhjn€ N, h € H}.
Show that

(1) NH is a subgroup of G. :
(2) if H is a normal subgroup of G, then NH is also a normal subgroup of G.

3. (20 points) Let G be a finite group of order 45. Then

(1) Find the numbers of Sylow 3-subgroup(s) and Sylow 5-subgroup(s) of G.
(2) Show that G is an abelian group.

4, (10 points) Show that if 1~ab is an unit in a ring R, then so is 1-ba.
5. (20 points) Let Z[Jl_o ] be the ring of real numbers of the form a+5+/10, where

a,beZ. Show that Z[«ﬁa ] is not a UFD (unique factorization domain).

6. (20 points) Show that
(1) the ideal (41) is not a prime ideal in Z][i].

(2) the ideal (7) is not a prime ideal in Z[v2].



