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Part I : Calculus
1. (20 points) Evaluate the integrals:

(a) Isec3(§[§x)dx (b) J: 2;951?42;)9) do (c) j:e’”zdx (d) J'x" sin(+/3x) dx

3
2. (3 points) Find the horizontal, vertical and slant asymptotes of the graph of f(x)= ;—2_%
x -—

3. (6points) . Jy (arctan z)? dz

v AFa?

4,  Find the limit.

(a) (5 points) Prove that n

(b} (7 points) Prove that

fm | —2 &
nsoo \n+1 n+1/2 n+1l/n/)’

5. (7 points) Find the maximum value of f(x,y)=4xy subject to the constraint

$2 y2
Y + 6= = 1.
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Part IT : Linear Algebra

1. Let V be a vector space over R with dim(V} < 5. Suppose that T: V —» V
is an R-linear operator satisfying T(T(v)) = —v,Vv e V. Let w € V be a
nonzero vector and let W = Span(w, T'(w)). Suppose further that u € V and
ug W,

(a) (2 points) Show that {w,T(w)} is a basis for W.

(b) (2 points) Show that T(W) = W.

(¢) (2 points) Show that T'(u) ¢ W.

(d) (4 points) Suppose v € V and av+bT'(v) € W, for some a,b € R. Prove
(@® + %) v e W.

(e) (4 points) Prove that {w,T(w),u,T(u)} is linearly independent.

(f) (4 points) Prove that § = {w,T(w),u,T(u)} is a basis for V.

(g) (2 points) Find the representation matrix for T with respect to the or-

dered basis §.

2. Consider the ordered basis o for P;(R) and 8 for Ms.o(R), where
a={z* - 2* +22% 2° — 227, 2% +- 3z + 1,z - 1,5},

#={( o) 0 o) (7 1) (9}

Let T : By(R)} = Msx2(R) be a linear transformation whose matrix represen-
tation in the ordered basis o and 8 is

112 0 0
011 -1 -1
112 1 2
213 -1 -3

(a) (4 points) Determine the range of T
(b) (4 points) Determine the kernel of T

0111

10

i1
11

onal matrix D such that D = P1A7P.

3. (10 points) Let A = . Find an invertible matrix P and a diag-

11
01
10

4. Let V be a vector space of functions over R with the basis 8 = {1, sin(z), cos(z), e*}
and the inner product

(f(z), (=)} = f£(0)g(0) + £'(0)g'(0) + f"(0)g"(0} + £ (0)g™(0),
for f(zx),g(z) € V.

-
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Part I : Linear Algebra

(a) {7 points) Find an orthogonal basis {vy, vz, v3, v4} for V by applying the
Gram-Schmidt method to 8 with respect to the given inner product such
that vi = 1, vo € Span(1,sin(z)) and vs € Span(l, sin(z), cos(z)).

(b) (5 points) Find a function f(x) € V satisfying £(0) = 1, £/(0) = 3, f*(0) =
4 and f(0) = 2.



