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1.

Let Xj,..., X, bearandom sample from the Normal distribution with mean 6 and variance 92,i.e. X; ~ YN (6,6%)
(a) (10 points) Find the maximum likelihood estimator (MLE) of 8, if it exists.

(b) (Spoints) Let Ty = X =237 X, andlet T, = ¢,S = %/5‘——(";—"“—

Find the constant ¢,, such that T, isan unbiased estimator of 8.
(c) (5 points) Consider the estimator of 8 of the form: W(a) =aT; + (1 —a)T,,0<a < 1.
Find the mean square error (MSE) of W(a) in terms of Var(T,), Var(T,), and «a.

(d) (5 points) Assume that Var(T,) =~ z—:—. Find the value of « that reaches the smallest MSE.

. Let Xj,..., X, bearandom sample from the distribution with pdf

f(x18) =08x"1,0<x<1,6>0.
(@) (5 points) Show that the random variable W = —log (X) is an exponential distribution and find a method of moments
estimator of 6.
(b) (5 points) Find the uniform minimum variance unbiased estimator (UMVUE) of 1/82. Be sure to justify your answer.
(c) (5 points) Find the Cram'er-Rao lower bound for the variance of unbiased estimator of 1/62. '

. Let X,, ..., X,, bearandom sample from a uniform distribution U(0, 6).

(a) (5 points) Let ¥ = max (Xy, Xj, ..., X,). Find the distribution of Y /6.
(b} (5 points) Find the (1 — a) % 100% confidence interval for 8.

. Testing the value of the parameter p of a Bernoulli distribution with 5 trials. Let X be the number of successes, then

X~B(5,p). Totest Hy:p =0.5 vs. Hi:p = 0.2

(a) (2 points) When X € {0, 1}, reject -Hy. Find the significant level a.

(b) (2 points) Find the probability of type 1l error.

(¢) (2 points) Find the power of the test.

(d) (2 points) When hypothesis test: Hp:p = 0.5 vs. Hy:p < 0.5 with the same significant level a given in Question(a), find
the rejection region.

(e) (2 points) When hypothesis test: H0 p = 0.5 vs. Hy:p < 0.5 with the same s1gn1ﬂcant level a given in Question(a), find
the inf{P(type Il error |Hy)}.

True or False

(a) (1 point) In hypothesis test, H, N H, # @, were @ is empty set.

(b) (1 point) In hypothesis test, significance level can be set as any value ranged by (0, 1).

(c) (1 point) To test whether the means of K populations are equal, if we have 1st and 2nd populations have significant different
means by t-test, the F-test of one-way ANOVA will also reject 'Ho.

(d) (1 point) In one-way ANOVA, the denominator and the nominator of F test statistic are independent.

(e) (1 point) In hypothesis test, “do not reject Ho™ is equivalent to “Hp is true”.

Xy Xo, e Xy~ Poi(6), where P(X =x) =270, = 0,1,2, ... Totest Hy:8 = 6, vs Hy:6 > 6,

(a) (5 points) Using Neyman-Pearson Lemma to find the UMP test with significant level a.

(b) (5 points) Find the generalized likelihood ratio test with significant level a.

Two populations have equal variance and have means y, and p,, separately. We have random sample (X4, X4, ..., anl) from
population 1 and random sample (X,,, X5, ..., Xy,2) from population 2.

There are two methods to test Hy: 1y = gy vs Hy: ity # 12, one is t-test of two unpaired populations, the other is F test of
one-way ANOVA.

(a) (6 points) Separately write down the test statistics of t-test and F-test.

(b) (2 points) Which distributions do the test statistics of t-test and F-test separately follow?

(c) (7 arbitrarily points) Show that T? = F, where T is the test statistics of t-test and F is the test statistic of F-test. (show the

deriving detail)
Rad




a5k
B

280 BRI EA AR 109 BEFREHBEEASSE
BNE: #HiEH

2

B : 289
H2RAZE 2R

A
a

A a
111 (P11) N12(P12)
N31(P21) N22(P22)
ne1(P+1) Nz (P+2)

8. If gene frequencies are in equilibrium, the genotypes AA, Aa, and aa occur in a population with frequencies pyy = 6%, pz +
P21 = 20(1 — @), and p,; = 02, according to the Hardy Weinberg law.
For a 2x2 contingency table with observed counts{nyy, ny3, 151, 133):

M+ {P1+)

nz+(P24)

(a) (4 points) If (14, Ny3, Npg, Nop)~Multinormal(my, P14, P12, P21, P22), find the MLE of & (in terms of ny4, 1142, M21, N22)-
(b} (3 points) Using Chi-square test to test Hy: @ = 8y vs. Hy:not Hy. What is the statistic test?
(c) (3 points) What are the dimensions of H, and H,, separately? What is the degree of freedom of Chi-square test in Question(b)?

FAMALE




