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1. (10 %) State and prove the Bolzano-Weierstrass theorem.

2. Determine the convergence or divergence for each of the following series:

AN N l N 3 ]
(@ (5 %) ;arctan = () (5 %) Zz: *(n k)’

3. Let A be a nonempty subset of R". For any point x € R", define the distance &,(x) fromx

to 4 by
3 ,(x)=inf {||x—a|] L A€ A} ,
where ||x —ar|| denotes the Euclidean distance between the two points x,aeR".

(a) (8 %) Show that &, is a continuous functionon R".

(b) (7 %) Suppose further that 4 is a nonempty, closed subset of R". Show that &,(x)=0
ifand only if xe 4.

4, Let f:R— R be a function that satisfies
|f(x)—f(y)|£|x2—y2| forall x,yeR.
(a) (5 %) Show that f'is a continuous functionon [R.

(b) (5 4 Is f(x) differentiableat x=07?Ifso, find f'(0).

5. (10 ) Let f:[a,b] >R be an integrable function. For each xe[a,b], define

b
F(x):= j F(ndr .

Show that F is uniformly continuous on [a,b].

6. (104 Let I,=[""sin"xdx for neN. Find the ratio j—ﬁ*

)

7. (10 %) Let f be a bounded, integrable real function on the interval [0,1], and & be a positive

real number. Show that there is an integer N € N such that for each integer n= N, we have

JDI f(x)x"dx‘ LE
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Consider the mapping (u,v,w) = F(x,y,z) from R’ to R’ defined by
u=x+y+z
v=x’+y*+2°.
w=x'+y' +2°
Look at the points p=(0,1,2) and g=F(0,1,2)=(3,5,9) in R’.
(a) (6 %) Show that there are neighborhoods U of p and ¥ of ¢ such that F has a differentiable

inverse mapping G from Vto U.

(b) (9 #) Write (x,y,z)=G(u,v,w) from part (a). Compute the partial derivative Z—x(q) ;
u

(10 %4) Evaluate the double integral _UR In(x+ y)d4, where R is the square region in R’

whose vertices are the points (1,2), (2,1), (3,2), and (2,3).



