IEMEREL R 107 L AE BRI A LR
IR S 2 WA AR BRIESE
BELARAAA T WRAESEALAS  LERAR Fob 25 ELABARRALER  FARAL Y -

Notations (You may skip over this part):
e  We work with column vectors and denote the set of all column vectors with »

1

3
component by R". For example, V=|2|€R",
3

o Let 4 be an mxn matrix. The function 7s: R" — R™ defined by T4(x)=Ax for all x
in R" is called the matrix transformation induced by A.

e  An orthogonal set that is also a basis for a subspace of R" is called an orthogonal
basis for the subspace. A basis that is also an orthonormal set is called an

orthonormal basis.

2. (10 %) Suppose that 7: R* — R’ is a linear transformation such that

-1 | 1 -3 1 ] Xy
'\ 1 ||=|2], T||-1||=| O |,and T|| 1 ||=|4|. Determine 7T X5 for
| 3 1 1 -1 3 X
X

any |x,| inR®,

X3

3. (10 %) Find a 3x3 matrix having eigenvalues 3, 2, 2 with corresponding

211 1
eigenvectors | 1,| 0|, and |1|, respectively.
1|1 1
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4.(10 %) Let W be the span of  S={u,, u,, u;}, where u, = , and

_— O == N

o
1
1

_l_

are linearly independent vectors in R*. Apply the Gram-Schmidt process

-
!
2

_1_

to S to obtain an orthogonal basis S’ for W.

5.(12 %) For symmetric matrix 4 =

[N \S B -
[N I B \S
(=T O T N

(a) find an orthonormal basis of eigenvectors and their corresponding eigenvalues.

(b) Use this information to obtain a spectral decomposition of 4.

6.(8 %)

(a) Suppose that the universal setis U= {1, 2, 3,4, 5,6, 7, 8,9, 10}. Express the
set {3, 3, 5, 8} with bit strings where the ith bit in the string is 0 if i is in the set
and 1 otherwise. Note: the first bit of the string is the leftmost bit.

(b) Let f be a function from the set 4 to the set B. Let .S be a subset of B. We
define the inverse image of S to be the subset of 4 whose elements are
precisely all pre-images of all elements of S. We denote the inverse image of S
by f7'(S),s0 fT(S)={ac 4| f(a)eS}.

If f be a function from R' to R! defined by f(x)=x>.Find f'({100}).

(c¢) Determine whether the set C={x| x is the odd negative integers} is finite,
countably infinite, or uncountable. If the set is countably infinite, exhibit a
one-to-one correspondence between the set of positive integers and set C.

(d) A directed graph is self-converse if it is isomorphic to its converse. Determine
whether the following graph is self-converse.
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7.8 @)
(a) Determine whether the following proposition is satisfiable.
(P—=NG>—pIN=p—>g)NG—p)
(b) Let A(x, y) be the statement “x admires y,” where the domain for both x and y
consists of all people in the world. Use A(x, y), quantifiers and logical
connectives (including negations) to express the following statement:

Nobody admires everybody.
8.(8 )
(a) Give the function S(m, n) from NxN to N as follows.

(2n ifm=0
0 ifm>landn=0

S(m,n)=- :
2 ifm>landn=1
S(m—1,8(m,n—-1)) ifm>landn>2

Find the value of §(2, 2).
(b) How many functions are there from the set {1, 2, 3, ..., n}, where nis a
positive integer, to the set {—1,0, 1}?

9.8 %)
(a) What is the coefficient of x'*y'? in the expansion of (x+y)**?
1 1 1
(b) Determine whether the relation represented by the zero—one matrix [0 1 0
0 0 1

is a partial order.

(c) Let R be the relation represented by the matrix

-3-
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Find the matrix representing R .
(d) Determine whether the function f from {a, b, ¢, d} to {1,2,3,4,5, 6,7}
with f(a)=6, f(b)=1, f(c)=3,and f(d)=4 is one-to-one.

10. (6 ) Find all solutions to the system of congruences x = 3 (mod 6), and x = 4
(mod 11).

11. (6 %) For the generating function (3x — 1)?, give a closed formula for the

sequence it determines.

12. (6 %) Suppose that

a 0
A= ,
3

where a and b are real numbers. Show that

AN = a® 0
0 b"

for every positive integer n.



