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Part I : Calculus

1.

10.

(12 points) Evaluate the integrals:

2 1273 — 24

— 1ldz; (b —d;

@) [ ol b () [ ot
(c) /\/4 tan z sec? zdz; (d) /tana:da:.

1
(3 points) Find a power series for T3 27 centered at 0.
r

d
(3 points) Let % = 2¢%", Find y.

(4 points) Describe the definition of the series. Prove that the series

- 1
Z1+2+3+---+n
n=1

COonverges.

(4 points) Describe the definition of an improper integral. Assume that
f' is continuous on [0, c0) and ILm f(z) = 0. Evaluate
I—00

/Ooo f'(z)dz.

. (9 points) Evaluate the derivatives: (a) a4 [/ sin(tz)dt}, (b) 9, [f sin(tg)dt],
dx 0 dz 2

and (c) % I:/:inxmsin(tz)dt].

(3 points) The function g(z) = 0 if z is rational and g(z) = z if z is
irrational. Prove that
lim g(z) exists.
z—0
(3 points) Find the volume of the solid of revolution formed by revolving
1
the region bounded b = ——— y=0,z=-1and z = 1 about
= e
the z-axis.

(4 points) Find the volume of the solid region bounded above by the
hemisphere

z=19—22 -y
and below by the circular region R given by z? + y? < 4.

(5 points) Let R be the region bounded by the lines z -2y =0, z -2y =
—6, z+y =25 and z +y = 1. Evaluate the double integral

f] 3zxydA.
R
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Part I : Linear Algebra

11. Let V' be the vector space of all polynomials with real coefficients and of degree at
most 3, together with the zero polynomial. Consider the linear transformation T
from V to itself defined by

T(p(x)) = (x — Dp'(x) + 2p"(x), for all p(x) € V.
(a)(8 points) Let B = {1,x + 1, (x + 1)?, (x + 1)3} be an ordered basis for V. Find
the matrix representation of T relative to f.
(b)(7 points) Find the range and the kernel of T.

12. (10 points) Find an orthonormal basis consisting of eigenvectors of the matrix
0 -1 -1
A=|-1 0 —1].

-1 =1 0

13. (12 points) Prove that
(a) Eigenvectors of a real matrix that correspond to different eigenvalues are linearly
independent.
(b) Eigenvectors of a real symmetric matrix that correspond to different eigenvalues
are orthogonal.

14. Let A be a real matrix of size m X n. Let N(4) and R(A) denote the null space
and the row space of A, respectively.
(a) (8 points) Prove that R™ can be written as a direct sum of N(4) and R(A4).
(b) (5 points) Let f be a function on R(A) given by f(x) = Ax. Prove that f isa
one-to-one function onto the column space of A.



