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Part I : Linear Algebra

1. (10 points)

1 1 1
(a) Lee A= | 1 2 ¢t |,¢isareal number. Find the possible rank of A.
1 4 ¢
1 2
(b) Let A be a 7x 3 matrix. If the null space of A is spannedby | 2 |, ] 1 |,
0 0
1
and | —1 | . Find rank(A).
0

2. (10 points) Let A and C' be matrices over real numbers such that the product
AC is defined. Prove that rank(AC) < min{rank(A), rank(C)}.

3. (15 points) Let U,V be finite dimensional subspace of a vector space W over

the real number.
(a) Let U+V ={u+v|ueUandv € V}. Show that U + V is a subspace
of W.
(b) Show that dim(U + V) = dim(U) + dim(V) — dim(U N V).

4. (15 points) Let V be the vector space of all n x n matrices over real numbers.
For a matrix A in V, let T4 : V — V be the linear transformation defined by

Ts(B)=AB, BeV.
(a) Show that T is invertible if and only if A is invertible.
(b) Show that T4 and A have the same eigenvalues.
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Part II : Algebra
In the following, N is the set of all positive integers and Z is the set of all integers.

1. (7 points) Let G be a cyclic group of order 2018 generated by element a € G.
Let
¢ : G = G be given by ¢(g) = ¢° for g € G.

It is a fact (and easy to show) that ¢ is an automorphism of G. Find a positive
integer k such that of = ¢~ '(a) where ¢! is the inverse of ®.

2. (8 points) Let H and K be subgroups of the group G such that hk = kh for
he Hand ke K. Let N=HNK and let

N={(n,nY)|neN}c HxK.
Show that N is a normal subgroup of H x K and HK ~ (H x K) /N.
3. (15 points) Recall that A, (n > 2) is the alternating group on 7 letters.

(a) Does As has a subgroup of order 30? Explain your answer.
(b) Determine the number of Sylow 3-subgroups and Sylow 5-subgroups of As.
The same question for Ss (the symmetric group on 5 letters).

4. (10 points) Let m > 1 be a positive integer and let k = Z/(m) be the factor
ring of Z by the ideal (m) = {km | k € Z} generated by m. Let f(z) € k[z] be
a polynomial of degree d > 1 over k and let R = k[z]/{f(z)) where (f(z)) =
{9(z)f(z) | g(x) € k[z]} is the ideal generated by f(z).

(a) How many elements does R have? You need to explain your answer.

(b) Prove that R is an integral domain if and only if m is a prime number and
f(z) is irreducible in k[X].

(10 points) Recall that the characteristic of a ring R is the positive integer

foda

char(R) =min{n € N|n-r =0z Vr e R} (Ogis the zero element of R)
provided that the minimum exists; otherwise we set char(R) = 0.

(a) Show that if R is a finite ring of order n then char(R) > 0 and char(R) | n.

(b) Compute the characteristic of the ring Z,, x -+ x Z,, where k > 1 and
mi,...,mx € N. You need to explain your answer.



