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1. (20 points)

(a) (10 points) Young’s inequality: Let a > 0 and b > 0 and % + % =1,1< p,q < oo. Prove
that P b
ab < —+—
p q
(Hint: Use the convex function f(z) = e® and choose a? = €* and b7 = eV.)

(b) (10 points) Suppose that

/00 f(z)dz =1 and /oo e f(z)dz < oo
0 0

’ /000 ztf(z)dz

for k£ > 0. Prove that

is non-decreasing in f.
(Hint: Use Young’s inequality.)

(20 points) .
Let f : [0,00) — [0,00) be a non-increasing function with f(z) — 0, as z — co. Then, there
exists a continuous function g : [0, 00) + (0, co) such that

/Ooo (z)dz = +o0 but / f(z)g(z)dz < oo. (1)

Let f be a strictly positive continuously differentiable with f (:n) > f(z), for all z > 0, with
F(z) = 0, as z — co. With such f and g = —f'/¥, prove that (1) holds.
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3.

(20 points)
(a) (6 points) Compute

0 oo
/ / e~ @) dzdy.
—o0J—y
/ / / ~(@+9*+2%) grdyde,

(b) (7 points) Compute

‘where D = {(z,y,2) : 22 + y* < 2%, z > 0}.

(¢) (7 points) Compute i
/ cos mx cos nzdz,
0

for non-negative integers m, n.
(Need to show the details of the calculation)

(20 points)
A curve is given by
3z% + Sty + 3y* = 1.
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Find the minimum distance from the points on the curve to the origin.

(20 points)

A n x n matrix P is idempotent and symmetric. Prove that

(a) (5 points) I,, — P is also an idempotent matrix, where I, is the n X n identity matrix.

(b) (5 points) P is a positive semi-definite matrix.

(c) (5 points) If rank[P] = 7 < n, then it has r eigenvalues equal to unity and n—r eigenvalues

equal to zero.
(d) (5 points) tr[P] = rank[P].
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