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There are 9 problems in this test. Write down detailed steps for the solution to‘each
problem. Otherwise, no credits for that problem will be given. i

1. (10%) Assume that a sequence of numbers is defined by z, = 0, 71 =1, and
Tp + 22p-1 = 152, for n > 1. Find the generating function for the sequence

and then find an explicit expression for Tn-

2. (10%) Solve the following recurrence equation for T'(n), n > 0.

ifn=1

0,
T(n) = {T(Ln/Qj) —!—lognz ifn> 1.

3. (10%) Assume that, for any two people z and y, z is a friend of y if and only if |
y is a friend of z. Show that, in any group of two or more people, there are
always two people with exactly the same number of friends inside the group.

4. (10%) Let G be a simple graph. A path of G is a sequence of distinct vertices
Vo, V1, - - -, Vg Such that v;_; and v; are adjacent for each i = 1,2,... k. The
length of the path vy, v1,...,vx is k. The degree of a vertex is the number of
edges incident to that vertex. Show that if the minimum degree of G is greater
than or equal to k, then G has a path whose length is at least k.

5. (15%) A lattice path from (zg,yo) to (Zn, ¥n) in the zy plane is defined as a
sequence of points (Zo, %), (Z1,%1), - - -, (Zn, Yn) such that each z; .1 = z; + 1, and
each yjp1 =y; £ 1,1=1,2,...,n — 1. How many lattices paths are there from
(0,1) to (10,3)? How many of them do not touch or cross the z axis?

6. (10%) Fibonacci numbers are defined as fo =0, f; =1 and f, = fo_1 + f,_p for
n > 1. Show that fs; is even, for every positive integer k.

7. (10%) Let S ={1,2,...,n}.

(a) Prove that if n is even then any n/2 + 1 subset of S contains two numbers
whose sum is n + 1.

(b) In general, determine the value k such that any k subset of S contains two
numbers whose sum is n + 1.
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8. (10%) A graph G can be embedded in a plane if it can be drawn in the plane in
such a way that no edges intersect. Similarly, a graph G can be embedded:in. -
the surface of a sphere if it can be drawn in the surface in such a way that no
edges intersect. Show that, for any graph G, G can be embedded in a plaﬂe if
and only if G can be embedded in the surface of a sphere. ’ .

9. (15%) A theorem of a propositional calculus is a proposition that is always true.
Determine which of the followings are theorems. Justify your answers.

(2) (= )
(b) ~(z = 2)

(c) ((z=y) A (n(z) = y)) =)

Note that the symbol = denotes imply, < denotes if and only if, A denotes
and, V denotes or, and — denotes not.
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