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1. (5%)(EiZ#E) Given n X n matrices A, B and S. Among the following statements, whichi
are true?

#B guRE [ERhcELIHTA]

[i] tr(AB) # tr(BA)

[ii] tr(SAS™Y) = tr(A)

[iii] AB—BA=I

[iv] det(cx A) =x™ det(A), « is constant -
[v] det (AT) # det (A)
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2. (5%)(E:EA) Let Ar be the matrix representation of the linear transformation T.

T:R®-R3
X x—2y+3z
le] = [—2x+4y——6z]
z 3x -6y +9z

Let Ay be the matrix representation of the linear transformation T
Which statement is not correct?

(a) The matrix Ar is linearly dependent.

: —17 [2
(b)  Thekemel of T isspan{[ 1 ], [1]}
1O 0

(©) The range of T is span {[—ZB
3

(d) The nullity of T is 2.

(¢) Therankof T is 1. “

3. (10%) Find a singular value decomposition of A =

3 2
2 3|

2 -2

4. (15%) Let

1 2 1
A=1|1 3 1J
1 2 2
(1) Find the characteristic function of A. (5%)
(i)  Compute AS — 7A* + 13A% — 13A% + 7A — 1. (10%)
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. (15%) Let {f1(x), f2(x), f3(x)} be a basis for a vector space, where

(1 ifosx<1 (1 ifl<x<2
fi(0) = {0 otherwisel’ f ZJExZ) ;' {0< 3otherwise ’
_ if2<x<
fa() = {O otherwise

Define a linear transformation L[, ] having the following properties:

‘v (1 if0sx<2 ‘ :1 if1<x<3
Lifa(0)] = {0 otherwisel’ L'[;Z()(i)] <{(3) otherwise
. ifosxc<
LIfs(0)] = {0 otherwise

) Find the matrix representation of L with respect to {f1(x), f2(x), f3(x)}. (5%)
(i)  If we use another basis {g1(x), g2 (x), gs(x)}, where

_ {1 if0<x<3 _ (1 ifo<sx<1
9:() = {O otherwise ".QZ(X) : {O otherwise
g(x)={1 if2<x<3
3 0 otherwise

Find the matrix representation of L with respect to {g4(x), g (%), g3 (x)}. (10%)

(30%) Consider the following 4 X 4 matrix A

4
A=Zl,.u,.uf"
=1
where 4; is real and nonzero, and )
L 1 1 1 L 0 L 1
— -1t _ -1 i I | ' ~-=10
ul._zlJ uZ_Z_li u3_\/§[—1’ Uy \/7 ol

1 1 0 -1

) Prove that A is Hermitian (5%) _

(i)  Prove that u; (i = 1,2,3,4) are eigenvector of the matrix A (5%)
(iii)  Find the inverse matrix of the matrix A (5%)

(iv)  Find the condition that matrix A is positive definite (5%)

(v)  Find the condition that matrix A is unitary (5%)

(vi)  Find a matrix L such that LL¥ = A (5%)




. (20%) Consider three vectors :

(¥
(iD)
(iif)

(iv)

1 0 1
0 0 1
U, = "‘1, U, = O, Uz = 1,
1 1 1
1 1 1

Apply the Gram-Schmidt process to #, #5, u3 to form a set of orthonormal bases.

(5%) .

Find the orthogonal projection of avector b=[2 —1 3 1 1]%7on the space
spanned by u;,up,u3. (5%) : '
Find the QR decomposition of (5%)

1 0 1

0 0 1
U=}|-1 0 1
1 11

1

Find a solution of x = [X1 X2 X3]7, such that ||[Ux — b||? is minimized. (5%)
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