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1. Let X, X,,..,X, be arandom sample from the normal distribution N(u,0%).
Also, let 1.Y,,...Y, be a random sample from NQu,40%) .  Consider

gX,Y)=aX +bY , where X and ¥ are the sample means of the X and Y

samples, respectively.

(a) Find the values of a and b such that g(X,¥) is an unbiased estimator‘ of u
with minimum variance. (10%)

(b) Find an estimator of the variance of the g(X,¥) in (a). (8%)

(¢) Construct a 100(1-a )% confidence interval for 4 based on the g(X,Y) in

(a). (6%)

2. Let X.X,,..X, bearandom sample from the normal distribution N(x, c?).
(a) Find the first and third quartiles (25 and 75% percentiles) of N(u,c?),

denoted by g, and g, respectively, and hence the inter-quartile range

IQR=4,-g,. (10%)
(b) Find the maximum likelihood estimator of the IOR in (a) based on
X, X5, X, . (6%)

[Hint: The 75™ percentile of a standard normal distribution is z(0.75)=0.674].

3. Let X,,X,,..,X, be a random sample from the exponential distribution with

probability density function (pdf)
f(x;8)=0exp(—0x ),x >0,;=0, otherwise.

(a) Verify that 292; X, has a Chi-square distribution with degrees of

freedom 2n, denoted by x2,. (10%)

(b) Derive a 100(1- & )% confidence interval for P( X > x ). (10%)
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Let X, X,,...,X, be serially correlated random variables that satisfy

X =0X

il

+s&,i=1, ..,n,

where X, =0 and the ¢, are independent N(0,5) random variables.

(2) Find the maximum likelihood estimators of € and o?. (10%)

(b) Find the likelihood ratio test for H,:0=0 against H,:0+0.(10%)

5.(a) Let X, and X, be independent random variables from a Bernoulli trial in

(b)

which the probability of success may take a value of 6, or 8,. Assume that
f(016)=0.9, f(116,)=0.1; f(0}6,)=0.2and f(1]6,)=0.8.

Let the associated prior distribution be 7(6, )= 0.25 and 7(6,)=0.75. Find the

posterior distribution of & given X, +X, =1 and test for H,:6=6, against

H, : 8 =6, based on the posterior distribution. (10%)

Let X be the number of failures before the first success in a sequence of
Bernoulli frials with probability of success & . Suppose  that
7(@)=1/3 for 8 =0.25,0.5,0.75 and 0, otherwise. Find the  posterior
distribution of & given X =2 and comment the most probable value of 8.
(10%)
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