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INSTRUCTIONS: This paper consists of three
sections. Section A consists of 20 multiple choice
(MC) questions. Section B consists of 10 MC
questions asking about the logical implications of
two statements. Each MC question carries 2 marks.
Section C consists of 3 questions. FEach carries
20 marks. You only have to answer two of them.

SECTION A: Multiple Choice
(General)

Question 1

Let D = {1,2,4,6,7} and R = {3,4,5} be the do-
main and range of a mapping M defined as follows :

M= {(la 4)1 (2v3)1 (4:4)a (6) 3)1 (77 3)}:

ie. M(1) = 4, M(2) = 3, M(4) = 4, M(6) = 3,
M(7) = 3. What is the property of this mapping?

Answer:

(a) M is an injective mapping.
(b) M is a surjective mapping.
(¢) M is a bijective mapping.
(d) None of the above.

Question 2

Which of the following statements about e is(are)
true 7

(i) e=lim, 0 (1 + (1/1’1,))";
(i) e = limp_o (1 + h)*™;
(iii) In(e?) = 2.

Answers

st H A B

(a) (i) and (ii) only
(b) (

(c) (i) and (iii) only;
(d) (i), (ii) and (iii).

il) and (iil) only;

Question 3

The motion of a particle whose position P(z,y) at
time ¢ is given by

y = bsin(t),

for 0 € ¢ < 27. Find the line tangent to the curve
at the point (a/v/2, b/v/2), where t = 7/4. (The con-
stants o and b are both positive.)

(a) y= -tz +v2b.
(b) y= %x - V/2b.
(c) y=—~%z+ V2a.
(d) y= gz~ V2a.

z = acos(t),

Question 4

Which of the following statements are true?

i) If j:f(m)dz f:f(a') +
g{z)dz exists.

and j:g(x)dm exist,

(ii) If fabf(:c)dz and f:g(a;)da: exist, f:f(a;) -

9(z)dx exists.

(iii) If f: f(z) + g(z)dz exists, both f:f(a:)dx and
f: g(z)dz exist.

Answer:

(a) (i} and (ii) only.

(b) (ii) and (iii) only.

(c) (i) and (iii) only.

(d) (i), (ii) and (iii).
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Question 5
Which of the following statements are true?

(i) If f'(a) and g'(a) exist, f'(a) + g’(a) exists.
— g'(a) exists.

(ii) If f'(a) and ¢'(a) exist, f'(a)

(i) I £ (f(2) +9(2))],_,

¢’'(a) exist.

exists, both f’(a) and

Note that f'(a) =
Answer:

£ @),y

(a) (i) and (ii) only.
(b) (ii) and (iil) only.
(¢) (i) and (iii) only.

(d) (i), (if) and (ii).

Question 6

Which of the following statements are true?
(i) If f(z) is injective, f~1(x) is injective.
(i) If f(z) is surjective, f~1(z) is surjective.
(i) If f(z) is bijective, f~1(x) is bijective.
Here f~!(z) is the inverse mapping of f(x).
Answer:

(a) (i) only.

(b) (ii) only.

(c) (iii) only.

(d) (i) and (ii) only.

(e) (ii) and (iii) only.

(f) (i) and (iit) only.
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Question 7

Let f(x) is a differentiable function and |f(z) —
FW)| £ K|z —y| for all 2,y € R and K is a positive
constant. Which of the following statements abut
f(z) are true?

(i) df/dz < K for all z € R.
(if) |df/dz| < K for all © € R.
(il)) [y df(z) < Ka.

Answer:

(a) (i) and (ii) only.
(b) (ii) and (iii) only.
() (i) and (iii) only.
(d) (1), (ii) and (iii).

Question 8
Suppose

b(a)
10 = [ @0z,
a(e)
where f(x, @) is integrable function of x it the range
a <z <b, aand b being continuous and at least once
differentiable functions of . Which of the following

statements are true?

()
d;f) . f(b’o‘)%—f(a, a)j_a.,_ baf(:“'“)dy
(i)
L by, da  [*8f (J Q) 4
dex = f(b, ) a, o )_

(iii) If @ and b do not depend on «,

dl@) _ [*df(z,a)
ol e

Answer:

(a) (iii) only.

(b) (i) and (ii) only.

(c) (ii) and (iii) only.

(d) (i) and (iii) only.
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Question 9

Let F(z,y,z) and G(z,y, z) are differentiable func-
tions of %, y and z. Moreover, y(z) and z(z) are
functions of x. Besides,

F(:‘rl y! z) = U! G("z’-l y! z) = U

Which of the following statements are true?

()
oF OFdy OFd:_,
8z  Oydxr Oz dzx
(ii)
dy _ (8F3G O9F 3G\ (8F8G 8F 3G\~
de \dc 8z 3dz08x)\dyodz odzaoy)
(iii)
dy _ OF 8G  OF 0G OF8G OF 0G\~
dz 8z 9y Oy o Oy 9z 0z dy
Answer:

(a) (i) and (ii) only.

(b) (ii) and (iii) only.
()
(d)

Question 10

Given that p(z,y) is an unknown joint probability
density function defined on (z,y) € [a,b)®. The
marginal probability density functions p(z) and p(y)
are unknown. The only information is that the condi-
tional probabilities p(x|y) and p(y|x) are known and
they are larger than zero. Is it possible to find the
joint probability density function p(z,y)?

) and (iii) only.

(i
(1), (ii) and (iii).

Answer:
(a) No, it is not possible.

(b) Yes, it is possible. The answer is that

-1
p(z,v) = plylz) ( / g*"ﬁid ) .

(¢) Yes, it is possible. The answer is that

g -1
p(z,y) = plyla) (/ E%%dy> A

(d) Yes, it is possible. The answer is that

p(zly)p(y)-

p(z,y) =

Question 11
It can readily be shown that, for o > 0,

o0 1
/ exp(—az)dr = =,
0 a
[ o]
/ exp(—2?)ds = XL
0 ' 2
Which of the following statements are true?

. R n!
(i) /o T 'exp(—'ax)da: =

(i) /:o exp(—az?)dr = % (g) 1/2.

(iii) / z*™ exp(—ax?)dz
0

_1x83x5x---x(2n— 1)/
- ontlgn+1/2

L

wheren > 1.

Answer:

(a) (i) and (ii) only.

(b) (ii) and (iii) only.
(c) (i) and (iii) only.
(d) (i), (ii) and (ii).

Question 12

Suppose f(x) is an odd function and g(z) is an even
function. Which is the following statements is true?

(B JI, f(—2)g(-z)dw = 0.

(i) J°, f(~2)g(x)dz = .

$ 2
HEA A

2
AR o

AFERAEL)E




# 8

B A 107EF

ALy g A A

A7 AR EEMAAAHBLETEET A

(i) 2, fz)g(=

AFF B T oA AT B AR

z)dr = 0.

Answer:
(a) (i) and (i) only.
(b

(

(ii) and (iii) only.
(i) and (iii) only.
(i

)
(¢)
)

(d) (1), (ii) and (iii).

Question 13
What is the value of the following definite integral?

1
F(a,b) =/ z°(1 — z)°dz,
0
where a and b are positive integers.

— _albl
(a') F(av b) = Tatbil-

(b) F(a,b) = ey

a-+i)!
a-+b !

(d) F(a,b) = (a3t

(c) F(a,b) =

Question 14

A point (z,y) is moving on a plane in accordance with
the following continuous functions z(t) and y(¢),
z(t) = sin(t), y(t) = cos(t).

(x(2),y(t)) is the location of a point on a plane at time
t. What is the total length the point was moving from
t=n/dtot=m?

Answer:
(2) No answer.
(b) /2.

(c) 3n/4.

(d) 2.
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Question 15

Suppose f(z) is a continuous function defined on
(=, 7). Which of the following statements are true?

Answer:

(a) inf” f(x)dx = inf" _ f(r — z)dz only if f(x) is
an odd function.

(b) inf” . f(z)dz = inf", f(r — z)dz only if f(z) is
an even function.

(¢) inf”, f(z)dz = inf" _ f(m — z)dz only if f(z) is
differentiable function.

(d) inf?, f(z)dz = inf”  f(m — z)dz for all continu-
ous function f(z).

Question 16

Which of the following statements are correct if f(z)
is an even function?

D) [} fe—a)dz = [ f(
a € [0,0].

(i) f(az) = af(—x) for all @ > 0.

(iii) f(x—a)— f(a—x) =0forall a > 0.
Answer:

(a) (i) and (ii) only.

(b) (ii) and (iii) only.

(¢) (i) and (iii) only.

(d) (1), (ii) and (iii).

a — z)dz, where b > 0 and

Question 17

Suppose f(z) is an odd function and F(z) is an inte-
gral defined upon f(z).

" fw)du

-

Fz) =

Which of the following statements are true?
(a) dF(z)/dz = f(z).

(b) dF(z)/dz = 2f(z).

(¢) dF(z)/dz = - f(x).

(d) dF(z)/dz = 0.
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Question 18 Answer :

‘Which of the following conditions is a necessary and (a) None of them.
sufficient condition for applying mean value theorem?
(b) (i) only

(a) f(z) must be a continuous function.

(¢) (i) only
(b) f(x) must be a differentiable function.

(d) All of them.
(c) f(z) must be an integrable function.

(d) None of the above. ) ) _
SECTION B: Multiple Choice (Logical)

Question 19 Instructions for Question 21 - Question 30 :
B In each question, two statements X and Y are given.

?uppose J; (m) '—t ex;i(al+ blinélll + %)), “\r;;retq ir}id You have to identify the logical implication belween
B e i ) oreeh LAC B at I8 W€ - ¥ und Y. You have to give answer either one of the

" ; o o
value of the following definite integral? Following options.
b
/ f(z)da. (a) Both statements have no logical implication or at
-1 least one of the statements is false.

(a) (1+ a)*exp(b). (b) X implies Y, i.e. X =Y, only.

(

(b) (1 + b)M*Pexp(a). (c) Y implies X, i.e. X &Y, only.
(
(

(d) Both X implies Y andY implies X, i.e. X &Y.

(¢) (1+a)®exp(b).

(d) (1+b)°exp(a). For ezample "X = Y 7, it means that the statement
Y is true if statement X is true. In other words, the

Here Cj is a constant. proof of Y can be accomplished by using the statement

X.
Question 20

Given a scalar function V(x) of x € R",

Question 21

X: V is a vector space.

X = ("Bl7$21 . '7$TI)T)
Y: V is a group.
and
— T .
Vix) =x Wx, Question 22
where W = is a n X7 symmetric matrix, i.e. W = 1 the following statements, |z| refers to the absolute
WT . and its elements are denoted as wy; for all¢,j = 1.0
1,---,n. Let x_; be the vector in which z; =0, i.e.
. X: For all z1,22 € R, |71 + 32] < |71] + |22].
X3 = (117".1wi—1;01xi+17 - 7:1:71) .

Y: For all 1,20 € R, |21 — T3] > |21] — |2
Here, the superscript 7" refers to transpose. Which of

the following statement is true 7 Question 23
(i) V() = V(x-i) =2 Z;=1 Wi TiZy- X: For all 1,22 € R, (z; — 72)2 > 0.
(i) V() = V(xoi) = 200000 jps WigTidy + Wy T2 Y: For all z1,2; € R, z,72 < (2 +23)/2.
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Question 24 Question 30
Let {a,}%2, be a sequence of real vectors, a, = X I3 exp(—oz)dz = 1/a.
(zn, yn)¥ for n > 1. The magnitude of a, is denoted -
as ||a,|| and it is defined as follows : Y: [y exp(—az®)dz = /n/a.
Y v, g
llanll = V&5 + vz SECTION C: Short Questions
X: limp_yo0 @n exists. Remind that you only need to answer two questions

. . i thi tion.
Y: limg o0 [|an|| exists. in this section

Question 31
Given a function f(z) defined as follows :

1
~ 1 +exp(—=z/T)’

Question 25

For a sequence of real numbers {a,}3%,, in which

ant+1 = 0.8a, +1 and a; = 1. fT(-'L') (l)

X: limy o0 @n = 5. _

where T is a positive constant. It has been shown

Y: an, <5 and anq41 > an for all n. by David C. Haley in 1952 that a cumulative nor-
mal distribution could be approximated by the above

function, i.e.

Question 26

2wl : 1
X: f(z) is differentiable in [a, b]. / T P <__z§_) dz = Treal—1) (2)
=) s ==

Y: f(z) is integrable in [a, b]. where 7 = 1.702

Question 27 (a) Show that

: i i B 1 (z+ 0)?
X: Both liMp_se0(@n +bn) and limg o0 (an — br) ex- T +8)~ / . (_ > dz,
-t "o fre+d)x | me=exp| =Ty,

Y: Both limn— o0 Gn and limy, o0 bn exist. where St = v*T2. [4 marks]

(b) Show that

Question 28 5~ X (6+2)?
X: Both liMmp—o0 Gnbn and lim,— e an /by exist. S St
] ) . . _ (S~n+ 57 N Sv__,
Y: Both lim,_ 0 an and lim, . by exist. = _SN Sr ————SN e
22
Question 29 Y5yt 57
X: f(x) is differentiable in [a, b]. [4 marks]
Y: f(z) is a continuous function in [a, b] and there (c) Given that d is a normal distributed random vari-
exists ¢ € [a, b] such that able, i.e.
ey < (@) = ) 5 = — _i>
f(g)_ G,'-b - p( ) \/Z—ﬂ_g;exp ZSN )




aL “Pifgiiji’%lo'?%%ﬁ}ﬁzﬁi]:}ﬁ:}g 4 F R AA
#E  mika . LA RHEEM AR ERETA

R B T SUE A ot Bk FAERER) B

where Sy is a positive constant. By using the Question 33

results in (a) and (b) together with the approxi- .

iE:‘ltli(:ll@)( ?Show tgh;t e Bt (a) Given two sets of real numbers {a1,az,- -, an}
’ and {b1, b2, -, bs}. Show that

[ rrte+ i~ ir (3). (5 ,,) (3 ) (Z bz)

where
— LA [10 marks)
St
. (b) Given two differentiable functions f(x) and g(z)
That is to say, Show that
o0 1 2
z + 0)p(6)dd =~ - b -
/_oo I ) 1+ exp(—z/(eT)) (/ f(x)g(a:)dx)
a
[10 marks] b "
< z)2dz / z)%dz | .
(d) From (c), find the limit </a f@) ) ( a 9(z) )

lim / "tz + 6)p(5)dd [10 marks|

T—0

at = 0. [2 marks]

Question 32

(a) Given a sequence of positive numbers,

{al,“wan,"'}, and ap41 < an for all n.
Show that

lim a, =0

n—c

if limp oo Y opey @k = K, where K is a finite
number. [ § marks]

(b) Given the following algorithm in which z is a
random variable sampled from a population in
which the population mean is zero and the range
of the population is finite, i.e. —L < zx < L.
Moreover, zg = 0.

1
n+1

Za4l = Zn — (20 — xn+1) ;

Show that 2z, is bounded for all n > 0. [4 marks]

(c) Let ent1 = |Zn41—2n|- Show that e, is bounded
for all n > 1. {6 marks]

(d) What is the value of 2,7 [2 marks]




