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1. (10%) Suppose we generate randormn variables X and Y by the following algorithm:

_{2e™, 0 <y < oo
o) = {0 elsewhere.

e M), y<x < oo
x — L] ’
Fae (517 { 0 elsewhere.
What is the probability density function of X generated by the above algorithm? .

2. (10%‘) Suppose that an engineer wishes to compare the number of complaints per week filed by union
stewards for two different shifts at a manufacturing plant. One hundred independent observations on the
number of complaints gave mean X = 20 forshift 1and ¥ = 22 for shift 2. Assume that the number of
complaints per week on the jth shift has a Poisson distribution with mean 8;, for i = 1,2. Use the
likelihood ratio method to test Hy: 8, = 8, versus Hy: 6, + 8, with a = 0.01.

3. (10%) Assume that a random variable has the uniform density

1
fCX'):{E, f0r0<x<9,
(0, elsewhere.,

We want to estimate parameter 8 on the basis of a single observation. If the decision function is to be of
the form d(x) = kx, where k > 1, and the losses are proportional to the absolute value of the errors, that
is

L(kx,8) = clkx — 8|,
where ¢ isa positive constant. Find the value of % that will minimize the risk and what would the estimate
of & be when we observed x = 5?

4. Let (x4, Y1), ..., (%, Y,) be n pairs of iﬁdependent samples. Consider the Poisson regression model with
the probability mass function denoted as ¥;~Poisson(x;$3),

(xp)’ ek
P(Y =y|x,B) = —
where { =1,..n and xq,..,x; are positive known constants.

a} (5%) Find the maximum likelihood estimator (MLE) for 8, denoted as ﬁ
b) (5%) Compute the mean and variance of ﬁ '
¢} (5%)Assumethat 8 has the gamma prior density

yy=1012,.,

aab

P(Blal b) = r(ab)ﬁﬂb—le—aﬁ’

where 2> 0, b > 0,and E(B) = b. Find the posterior density of 8 given ¥ = (¥, s Yo )

d) (10%) Compute the posterior mean of . When a — 0, explain the behavior of the posterior mean.
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5.{10%) Let Xi,...,X, beiid N(0,1), n > 1. Let
X e+ Xy)
OXE+eeb X2
Show that U,, converges to the standard normal distribution as n goes to infinity.

’ n
6. (10%) Let Xj, .., X, beiid Bernoulli(p) with 0 < p < 1. Let U, = E#Zﬁ—i Find the limiting distribution

of 1/%
7.Suppose Y = XfB + & where Y isarandom vectorof length n, X isan nxp matrixwith rank p, £ is
avector of length p, and ¢ isan nx1 random vector with independently normally distributed
components N(0,02).

a) (5%) Derive the maximum likelihood estimators of B and ¢?, respectively.

b) (5%) Let ﬁ be your estimator of B from part (a). Derive its sampling distribution.

2
c) {5%) Let 82 be your estimator of a2 from part (a). Derive the sampling distribution of %-.
g

d) (5%) Let
e) (5%) Are

=Xf and R =Y — 9. Showthat ¥ and R are independent.

7
B and 8% independent? Why or why not?

Probability of ¥ distribution table:

Chi-Square Distribution Table

The shaded arca is equal to a for x? = x2.

df o X0 Xbes Yo | xhoo X ia X%os x%1e hos
i 0.600 03.000 0.001 0.004 0.016 2706 3.841 .02 6.635 T.87

2 0.010 0.020 0.051 0.103 .| 0211 4.603 5.991 T.378 9.2140 10.597
3 a.02 0.115 0.216 0.352 0.584 6251 T.815 9348 11.345 12838
4 0207 0297 0.484 0.711 1.064 7.77% 9488 11.143 13.277 14 860
5 G412 0.554 0.831 1.145 1.610 9.236 11.030 |- 12833 15086 16.730




