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¢ Unless otherwise specified, everything is over R.

s The ordinary inner product of R” is denoted by G - v.

® Minxn is the space of m x n matrices; fr(¢) = det(t7, — M) is the characteristic
polynomial of M; im A is the image of A; ker A is the kernel of A; VL is the normal
space of V. Parallelepiped = {77 HE{4.

o Duel space V* of real vector space V is {& | @: V — R,e is linear}.

A. [15%] RIEE. TR, BRNERSALES. FESRAREERERNE.
. There is a linear transformation A : R® — R® such that im A = ker A.

. A € Myyn. Suppose A% = A then ker A = (im A)+,

. For any A, B, C € Mpxn, tr(ABC) = (CBA).

. The matrix representation 4 of an adjoint transformation satisfies A* = A.

T o W b

Symmetric matrix A is positive definite if and only if ali its diagonal elements are

positive.

B. [85%) st E /7™ - (6A) f1 (6B) HEE—RBIFE - MEEE  MEREWE -

(1) [15%] Find all Jordan canonical forms for square matrices in-.Mnx,,, n £ 6, with
minimal polynomial (¢ — I1)2(¢ + 1)% .

(2) [15%] For A, B € Muxn, show that fea(t) = feea(t) - ™™

(3) [15%) Consider V = {A ] AX = XA, for any X € Mpyn} C Mpxn. Show that V
is an one dimensional subspace of My xn.

(4) [15%] A € Mpxn. Suppose (t* + 1)| fa(t), are there ii, ¥ € R™ such that Aii = ¥
and A¥ = —1? Prove or disprove it.

{5) [15%] U isa subspaée of a finite dimensional vector space V. Consider Dy C V*
defined by {@ € V* | U is a subspace of kerer}. Show that Dy is a subspace of
dimension dim V' — dim /.

(6A) [10%] Show the volume V of the parallelepiped span by 4, ¥, W € R" satisfies

V2 =flal® 191 IWI® + 2(3-9) (7 ) (% )
— [l (7 W)? — |91 (% - )2 — [jl® (- 92
{6B) [10%)] Following diagram of vector spaces and linear transformations satisfies
(a') ker fi+l =im fi'n kergi+1 = jmg‘ia i= 0! 1: 21 31 4.
(b) @iprofi=gioa;,i=1,2,3,4
oy & 4 4 B B ¢ 8 b B B B (0]

oy |2 o 52 oz oy L= asg |2

{0s,} B 4 B B B ¢ 8 D 8 B 5B {0g)

Show that if e, as, @4, g are isomorphisms, then a3 is an isomorphism.
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e Unless otherwise specified, everything is over R.

e The ordinary inner product of R™ is denoted by u - V.

o M, xn is the space of m x n matrices; fa(t) = det(¢tl,, — M) is the characteristic
polynomial of M; im A is the image of A; ker A is the kernel of A; V' is the normal
space of V. Parallelepiped = T/ HfS.

e Duel space V* of real vector space V is {a | a: V — R, « is linear}.

A. [15%] RIERE. F5 R, 5 A SR IR B4R HE I Bl AR SR B AR 2 SV A il

1. There is a linear transformation A : R® — R3 such that im A = ker A.

2. A€ My,xn. Suppose A2 = A then ker A = (im A)*.

3. For any A, B, C € My xyp, tr(ABC) = tr(CBA).

4. The matrix representation A of an self-adjoint transformation satisfies A* = A.

5. Symmetric matrix A is positive definite if and only if all its diagonal elements are

positive.

B. [85%] 515 /ZEHIE - (6A) fl (6B) FUEZE—E(FE  MEEL » DIEEEHE -

(1) [15%] Find all Jordan canonical forms for square matrices in M, xp,, n < 6, with
minimal polynomial (¢t —1)2(t + 1)2 .

(2) [15%] For A, B € My,xn, show that fpac(t) = fpea(t) -t ™.

(3) [15%] Consider V = {A | AX = XA, for any X € My,xn} C Myxp. Show that V
is an one dimensional subspace of M, «y.

(4) [15%] A € My xn. Suppose (t2 + 1)|fa(t), are there nonzero u, v € R™ such that
Au = v and AV = —u? Prove or disprove it.

(5) [15%] U is a subspace of a finite dimensional vector space V. Consider Dy C V*
defined by {« € V* | U is a subspace of ker a}. Show that Dy is a subspace of
dimension dim V' — dim U.

(6A) [10%)] Show the volume V' of the parallelepiped span by 4, Vv, w € R"™ satisfies

L2 o2 (2 SN (o oo (e =
V2 =[] VI W] + 2 (V) (F- W) (W - G)
02 o o SN2 o L2 s o
—|[g][* (v - W) = [[¥9]] (% - &) — [|W]|” (- V)

(6B) [10%)] Following diagram of vector spaces and linear transformations satisfies

(a) kerfi-‘rl = imfia kergi-‘rl = 1mgl, 1=0,1, 2,3, 4.

(b) Ajt1 Ofi = gi © (g, 1= 17 27 37 4.

oy B a4 4 B B o 8 b L4 BB {og)

oy 1= g 1= ag | oy 1= a5 |

{04, B 4, B B B o B D, A B B {op}

Show that if aq, s, g, as are isomorphisms, then oz is an isomorphism.



