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I. Multiple Choice {single answer): 50%
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1. Which of the following statements is NOT true? (a} For any event A, P[A]>0. (b) Let
S be the sample space, P[S]=1. (c) If A and B are mutually exclusive, P[AUB]=P[A] +
P[B]. (d) None of them above.

2. Peter throws three dices, each with 6 faces {e.g., 1~6). What is the probability that
the sum of the three dices = 87 (a) 18/216 (b) 21/216 (c) 25/216 (d) 27/216

3. What is the probability that the circuit below will be operational (i.e., the light bulb
is ON) if the failure probability of each of the 5 components is 0.5? (a) 3/32 (b) 5/32

(c) 7/32 (d) 9/32?

=

4. Let X; be a discrete random variable with a probability mass function (PMF) =
px,(x) = p(1—p)* ', x=1, 2, ... Assume there are 3 such identical and
independently (iid) random variables. What is the PMF of the sum of these 3 iid

p°(1 — pilER |

random variables, say Y=X; +X; +X57? (a) py(y) = Zl(y =

Py(y) = s p?(1— P2 (o) Py) =55 P (1P, () py() =

(y-1) y-3
7B L P)

5. Given Y from Problem 4, what is the expected value of Y given p=0.5? (a) 6 (b) 4 {c)
3/2(d)2

6. Let X be the arrival time of the first bus, as measured in units of minutes after 6
AM of a given day. Let Y be the arrival time of the second bus. X and Y are continuous
random variables with joint PDF fx y(x,y) = 0.25e7%%, 0 < x < y. If the first bus
arrived 5 minutes ago, how long on average does the passenger in the bus stop have

to wait until the second bus arrives? (a) 5 mins {b) 4 mins (c) 2 mins (d) 1 min

7. Which of the following statements about Gaussian random variables with non-zero
mean, X and Y, is/are NOT true? (a) If P[XNY]=P[X]*P[Y], E[{X-E[x])(Y-E[Y])]=0. (b) If
E[XY]= E[X]E[Y], P[XNY]=P[X]*P[Y]. (c} If P[XNY]=P[X]*P[Y], Var[X+Y]=Var[X]+Var[Y]. (d)

None of them
8. A total of 7 guests go to a party in a rainy night, each bringing an umbrella. What is

the average number of guests that get their umbrelias back if everyone randomly
picks an umbrella from the bucket when they leave? (a) 1 (b) 7/8 (c) 7/4 (d) 7/2
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9. A and B throw a fair dice with 6 faces. If A's throw is larger than B's, B has to give A
1 dollar. If A's throw is smaller than B's, A has to give B 1 dollar. Otherwise, they keep
their money. This game continues until one of them has no money. What is the
average number of total throws from A when the game is over given that originally A
has 1 dollar and B has 2 dollars to begin with? (a) 5/2 (b) 13/6 (c) 12/5 (d) 3
10. Given the same setting in Problem 9, what is the probability that A will win the
game eventually? (a) 1/2 (b) 1/3 {c) 1/4 (d) 2/5
2 Non-multiple choice problems (15%)
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1. (8%) Suppose A and B are n x 1 matrices.
(a) (3%) Show that AB = BA is not necessarily correct for all n.
(b) (5%) Suppose AB = I,,. Show that BA = I, (i.e., show that A is invertible.)
2. (7%) Consider the following system of linear equations.
S R 2By = 2
205 geemoal L Eogeeeom o= 3
Ty — 22y — =3 - 24 = 5
HE|
(a) (1%) Formulate the problem into a matrix equation Ax = b where x = :2 . Wiite the
Ty
Ly

matrices A and b explicitly.

(b) (3%) Perform Gaussian Elimination on the augmented matrix [ A | b ] and obtain the reduced
row echelon form [ R | ¢ ].

(¢) (3%) Find the solution set of the system of linear equations.

3 Multiple Choices ( Multiple Answers ) (35%)
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3. (5%) Which of the following is a linear transformation?

(A) T:R — R where T'(z) =2z + 1 for any z € R.

1
3 4

(C) T : P — P where T(f(x)) = f(z)(z + 1) for any polynomial f(z) € P.

(D) T : C(R) — C(R) where T(f(z)) = 3f"(z) + f'(x) + flz) for any difiereutiable function
f(z) € C(R).

(E) None of the above.

(B) T :R*— R? where T(x) = [ ] x for any vector x € R2.

4. (5%) Which of the following sets is an orthonormal basis for the designated vector space?

(A) {[ Z ] , [ :13 ]}, for R? with (x,y) = xTy.
(B) {cosx,sinz}, for C[0,27) with {f,g) = 02" flx)g(a)de.
(C) {1,2,2%} for P3 with {f,g) = f_zl f(z)g(z)dz.

1 0 0
(D) { [ 0 :{ ; [ 1 J ; [ 0 :, } for R® with (x,y) = xTMy where M = [
0 Q 1 '

(E) None of the above.
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5. (5%) Which of the following is true?

(A) For any matrices A and B, if AB = I, then BA = 1.
(B) For any m x n matrices A and B, if rankA = rank3. then rankA = rank(4 + B).

(C) For any m x n matrix 4, rank4 = m if and only if Ax = b has at least a solution for all
b e R™.
(D) For any m x n matrix A, rankA = n if and only if Ax = 0 has only one solution.

(E) None of the above.
6. (5%) Which of the following is true?
(A) Let W be a subspace of vector space ¥/, and let B be a hasis for 1. Then there exists o lincar
independent subset of V, B, such that B( B, is a basis for V.

(B) Let V be a vector space and B = {by, bs,..., b, } be a basis for V. Then there exists a vector
v € V such that v can be expressed as a linear combination of by.b,.....b, with infinitely
many different sets of coefficients.

(C) Suppose a subset of V', § = {v,vs,...,v,} is a generating set for the vector space V', then
there exists a unique subset of S,B C &, such that B is a basis for V.

(D) Let ¥ be a vector space and let the dimension of ¥ be n. Let S be a subset of V coutaining
n + 1 vectors. Then § must be a linearly dependent generating set for 1

(E) None of the above.
7. (5%) Let A be an n x n matrix, then which of the following is true?
(A) Suppose Av = Av where A is a nonzero scalar. Then v must be an eigenvector of A and
must be an eigenvalue of A.
(B) If both v; and vy are eigenvectors of A, then v; + vs is also an eigenvector of A,
(C) If A contains n distinct eigenvalues, then A is diagonalizable.
(D) If A has n linearly independent eigenvectors, then 4 is diagonalizable.
(E) None of the abave.

8. (5%) Let A be an n x n real-valued matrix, then which of the following is true?

(A) If A is similar to the identity matrix I, then det A = 1.

(B) If AT = A, then all eigenvalues of 4 are real numbers.

(C) If det A > 0, then rankA > n ~ 1.

(D) If A is diagonalizable, then A + A% + A% is also diagonalizable,
(E) None of the above.

9. (5%) Let (V,R,“+",-7) be a vector space. Prove that Vu,v,w € V, u4+v = u+w implies

v =w. Which of the following axioms of vector spaces was NOT necessarily used in the proof?

(A) Forallu,w,veV, (u+v)+w=u+(v+w).

(B) Forallu,ve V,u+v=v4u

(C) For all u € ¥, there exists v € V such that u + v = 0.
(D) ForallueV,1-u=u.

(B) All of the above are needed in the proof.
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