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1.(25%)Many different physical systems can be discribed by a linear second-order differential equation similar to the

dx(r) , , dx(0)

7 = +kx(f) = f(£) . If i(¢) denotes currentin a

differential equation of forced motion with dampling: m———=
standard inductor-resister-capacitor (LRC) series electrical circuit, then, by Kirchhoff’s second law, the sum of the

voltage drops across the inductor, resister, and capacitor equals the input voltage E(¢) impressed on the circuit: that

dz(t) —==+ Ri() +— q(r) E(t). But the charge g(¢) on the capacitor is related to the current i(¥) by

3

i) = %, so the above-mentioned equation becomes the linear second-order differential equation:

2
L % +R df{?) +— C q(t)=E(t).If E(t)=0, the electrical vibrations of the circuit are said to be free.

Furthermore, if L =0.25 henry(k), R =10 ohms(Q), C=0.001 farad(f), g(0)=g, coulombs(C), and

i(0)= 0, find the charge on the capacitor in the LRC series circuit as g(#) = g,| (41) (cos(ﬁOt) + sin(60f)) !

Also, by computing the value of R* —4L/C, it can be shown that the circuit is | (43) |-damped. Finally, if
E(f) = E,sin(100¢) , find the steady-state charge g(), denoted as ¢, (¢) =| (44) |sin(1007) +| (45) |cos(100z)

(AD)|="7(5 points); (A2)|=7(5 points); =7(5 poinis); E ?(5 points);  {(45)|="7(5 points)

2.(9%). The solution for the following Dirichlet problem

Viu=u, +u,=0, (—eo<x<os,0<y<)

0, —ee<x<0
alalljm o pegass

can be written as u(x, y)=10- Atan™ (B).

(BI)|= A="7 (5 points), (B2)|= B =17 (4 points)
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3. (16%)If the particular solution that satisfies the following equation and initial conditions:
o +3y +25xp=0, O<x<es y(0)=12, y'(0)=0
can be written as y(x)= 4x*J, (Cx)+ Dx"¥,(Cx)

(C1)|= 4=1(5 points), (C2)|=B="?(3 points)
(C3)|=C=1(3 points), (C4)|= D =7(5 points)
Note that

P 2n+i 3 5
J{x)= X\ E_ XX L
i) Zn‘f2+ﬂ)[) 2 16 384

1o)==y

sinT

y =0.57721556

4.(15%)Given a matrix C satisfying wTCvy20 forvector v in R”,answer true or false to the following

statements.

(D] Cc=C".

G,
y'CCT v 20.

(D4)| The eigenvalues of C are nonnegative.

D(5)| The columns of C forma basis for a nonzero subspace of R”.

(DD)|=? (3 points) - [(D2)|=? (3 points) [@3)]= 3 points) [@4)]=? (3 points) [D(5)|=? (3 points)

5.(10%) Given » data points (a,,b).(a3.0;),-5(a,5 b,) on the two- dIlI!BIlSlDIlal (x, y) -plane with Zi L& =n

and z:;l b, =2n, find the equation of the least-squares line y =|(EL)|+|(E2) (x—1).

[(ED]=? (5 points) [E2)]=? (5 points)
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6.(15%)(2) Let A=|-2 1 1] , b{—l and Ax=b. |(FD|=x=7 (5 points)

1 -1 1 2
1 1 2
(b) LetA=| -1 1| b=|1}. Then there exists x, such that "Ax—— b" < ”Az - b” forevery ze R*.
1 1 0

=x="? (5 points)

1 -1 0 4
(c) Let 4 ={ } , b={ |.Then there exists x, such that ||x|[$ ”zﬂ, in which 4x=» andall ze R’
1 1 1 3

satisfying Az=25. =x=7 (5 points)
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7.(10%) If p and g are eigenvectors of a real symmetric matrix that correspond to distinct eigenvalus, prove

that pand g are orthogenal.
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