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Part I : Calculus

1. (28 points) Evaluate the integrals

(a) /cos Vzdz

(b) /me""zdm
(¢) /ﬁﬁgdx
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(d) / 985 % 1
1
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2. (3 points) Let / f(£3)dt = 3 cos( :c) where f is a continuous function.
Compute f(1).
3. (3 points) Find a power series for sin(z?), centered at 0.

4. (4 points) Find a real number a such that the following limit is correct.

1 2
lim l:(:rz — :c) (cos (—) + 1) +a
z—0 T

5. (4 points) Let f(z) =5z(1 —5z%) and g = fo---o f. Find g (v6/5).
100
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Note that fo---o f denotes f(f(f(z))).

6. (3 points) Let

/01 f1 :ﬁf(m,y)da:dy: f b / * f(o,y)dyde,

where f be a continuous function. Find a, b, ¢ and d.

7. (5 points) Evaluate the integral

y/2
\/ie‘-/_ dzdy.
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Part IT : Linear algebra

8. (10 points) Given 5 points (a1,b1), (az, ba), (a3, b3), (aq,b4), (a5, bs) in
the plane R?, where ap, g, as, a4, as are distinct. Use matrix methods
to show that there is a polynomial f (x) of degree at most 4, such that
the above 5 points lie on the graph of y = f (z) .

9. Let P be the vector space of all polynomials of degree at most 2,
and T': P» — P, be the linear transformation defined by T{f(=)) =
3f(z)+ f () for all f(z) € P5 . Given two ordered bases B, — 11,3, %%}
and By = {1,z,z 4+ z?} of the vector space P, .

(a) (4 points) Find the matrix representation A4 of T relative to B; and
Bs .

(b) (3 points) Use the matrix A to compute T2z -z +1).

(c) (3 points) Find the general formula of T Y az? + bz +c) .

10. (10 points) A hyperplane in R™ is a subspace of dimension n — 1
. Prove that S is a hyperplane in R" if, and only if, there is a vector
a € R™ such that S = {z € R" | (z,a) = 0}, where (-,-) denotes the
usual inner product on R™.

1 -1 -1
11. Let A= -1 1 -1
-1 -1 1
-1 00
(a) (5 points) Find an orthogonal matrix C such that C~1 AC — 020
D02

(b) (5 points) Find an invertible matrix P such that P3 — A.

12. (10 points) Let V and W be two vector spaces having the same
finite dimension. Prove that a linear transformation T : V — W is
one-to-one if , and only if, T is onto.
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