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Let X, be areturn and follow a normally distributed random variable with mean (r - —;—0'2 )t and variance

o’t,ie. X,~N ((r —%O’z)t, Gztj. If S, =S,e™ where S, denotes the stock price at time 7, then the stock
price S, is said to be lognormally distributed random variable.
(1).(10%) Please show that e™"S, is martingale, and find the price of the futures at time 0. (i.e., what is

EGS))

(2).(10%) Find the probability P(S, > K) for a positive real number X and a given cumulative standard]

1

2z

2
normal distribution N(+) where N(d)= f exp{—zz—} dy . (i.e., the probability which the stock price

exceeds K attime 7).
(3).(15%) Compute the price of the call option at no-arbitrage opportunity, £ (e"’ (S, -K ) 1{s,>1<})’ where
I{S,> K) denotes the indicator function. (i.e, the expectation of the profit (S, —K) when the stock price
exceeds K attime 7).

(4). (5%) Please explain what is the no-arbitrage opportunity or condition for the problem (3).

(5).(10%) If the answer of the problem (3) is the pricing formula of the call option with the underlying stock,
please find five parameters for the pricing formula, which parameter have to estimate, and how to estimate

the parameter.
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2. A stochastic process {X(1),t2 O} is said to be a compound Poisson process if it can be represented as

N@)

Xn=>7, 120
=1
where {N(1),t 2 0} is a Poisson process with a arrival rate A¢, and {¥,i20} isa family of independent
and identically distributed random variables from an exponential distribution with the parameter J, where
the density functio.n is /() = Bexp(-By) ~Assume that{l;,i> 0} are also independent of {N ),t= 0} .
(1).(10%)Please find the mean and variance of X(1). |

(2).(10%) Please find the mean and variance of exp{X(D)} . (ie., A=E(exp{X(t)}) = exp(kt) ,

B=Var(exp{X(1)}))
(3).(15%) Please showexp{X(f)- 4t} to be martingale and find %.
(4).(15%) Please find the estimators A, x4 and o’ when you have the data of 2 samples with the arrival
numbers (#,n,,...,7,) and the values of {(yl,yz,...,yn]),(y,,yz,...,ynz),...,(yl,yz,...,yn‘ )} based on

maximum likelihood or the method of moment estimation?
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