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1. Let X and Y be independent Poisson random variables with parameters 4, and A, , respectively.

(a) Show that P(X +¥ =n) = Z P(X =)P(Y =n—i) .(5%)

(b) Use part (a) to prove that X +Y is a Poisson random variable with a parameter 1, + 4, . (5%)
(¢) Please calculate the conditional probability and conditional expectation of X giventhatX +Y =n.

(10%)

2. A stochastic process {X @yt O} is'said to be a compound Poisson process if it can be represented as

N()

H(Preguey t>0

i=1
where {N (1),t 20} is a Poisson process with a arrival rate A, and {¥;,#20} is a family of independent
and identically distributed random variables from normal density with mean . and variance o’ which|
are also independent of {N(r),#=0}.

(a). Please find the mean of exp{X T )} atithe time 7 ..(5%)

(b). Please show exp{X (T)—-Mk=DT } to be martingale, where & = exp{x +0.50%}. (5%)

(c). Please find the estimators A, j~and” o’ when you have the data of 2 samples with the arrival
numbers (n;,n,,....,n;) and the values {(yl,yz,...,ynI ),(yl,y2 seces Vi, ),...,(y, s Vasews Vo )}‘7 (10%)

(d). If the arrival numbers are missing or unobservable, how to estimate A4, x and &*? (10%)
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Let the dynamics of the stock price be S(T' )=S(O)exp{(r—%o-2)T+aB(T)} under the risk neutral
measure at time 7', where S(0) denotes the stock price at time 0, r is the riskless rate, o is the
volatility of the log stock price, and {B(t),tZO} is a Brownian motion process with B(0)=0. B(r) is|

normal distribution with mean 0 and variance ¢ at time ¢, where its density function is given by

=b2/21

O =a

and the process B(f) has stationary and independent increments, where B(4), B(t,)-B() ...,
B(t)-B(t, ) for 1 <..<1 .are independent and B(#,)=B(f,) is normal with mean 0 and variance

L~
(a). Please describe what is the risk-neutral probability measure and the physical (real) probability measure?
(10%)

(b). Please find the mean ‘and variance of .S(7') under the risk-neutral probability measure. (10%)

(c). If the underlying asset of the futures is the stock, what is the theoretical value of the futures with the;
maturity T at time 0 under the risk-neutral probability measure? (10%0)

(d). If the underlying asset of the option is the stock, what is the theoretical value of the stock option with

stike price K and maturity I"~at time ( UNAEr the risk-neutral probability measure 7

(Hint: To derive Black-Scholes Option Pricing Formula.) (10%)

(e). Please find the estimators of 4 and o by the maximum likelihood estimation (MLE) at the

physical (real) probability measure based on the stock prices data for » days. (10%)
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