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1. {(24%) Let f and g be real-valued functions. Prove that

[ws@iez < ( [ 1) |Pda:) (/ lf(w)l"dm)%,

(a) (8%) Specifically, p = 2, ¢ = 2, show Couchy-Schwarz inequality.

( / f(m)g(:c)d:c)z < ( f fz(z)da:) ( f gz(.r)da:) |

(b) (8%) Young’s inequality: Let a > 0 and b > 0 and % + % =1,1 < p,qg < co. Prove that

141
Where_p—l-q—l..

P q
ab < itk + b—
p 9
(Hint: Use the convex function f(z) = €* and choose af = r_emr and b = e¥.)

(c) (8%) Use Young’s inequality. Prove that
[ir@steree < ( [1s@pae) { [is@pae)’,

2. (16%) Find the minimum distance from a point on the following surfaces to the origin:

() (8%) z+y=2z
(b) (8%) wy + 2zz = 5v/5.
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where;-i—;—l.

3. (14%) For all x > 0, let f(z) = [~ e~ du and g(z) = T#e‘gg. Prove that
(a) {(7%)

(b) (7%) 9(z) < f(2).
4. (16%) If o, B> 0 and

(a) (8%) Show G = BAB™!.
(b) (8%) Evaluate e€ =3 o | LG™.
5, (15%) A matrix of the form H = J — 2%‘5% is called a Householder transform, where I is identity
and v is a non-zero column vector. v7 is the transpose of v.
(a) (5%) Evaluate H2.

(b) (5%) Show that Hv = —
{c) (5%) Show that if z7v = 0, then Hz = z.
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6. (15%) Given a full rank matrix

A= Qa1
Q41
(a) (5%)H; = A(ATA)1AT,

(b) (5%)H, = HY,
(c) (5%)H; = (I — Hi),
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find the eigenvalues for H; and show trace H; = rank H;,72=1,---

where AT is the transpose of A and A~! is the inverse of A.
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