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Problem 1. (10 pts) Prove or give a counterexample. Let A be an n x n real
symmetric matrix. For any column vectors X, y.in R"”, define

(x,y) =y A.

Then {, ) is an inner product on R™.

Problem 2. (10 pts) Prove or give a counterexample. All 3 x 3 real matrix has a
corresponding Jordan Canonical Form. -

Problem 3. (20 pts) Let A be an n x n Hermitian matrix, that is, 4;; = 1_4_;
Prove the following statements.

(1) All eigenvalues of A must be real.

(2) Eigenvectors corresponding to different eigenvalues are orthogonal.

Problem 4. (20 pts) Let P(R) be the vector space of real polynomials of degree
at most two. Define an inner product on P(R) by

(f(2), 9(2) = / Litygfe)de

Suppose S = span{l,z}. If || - || is the norm induced by the inner product (, ),
find all A(z) in S such that

|A(z) — =%
is minimal. Justify your answer.

Problem 5. (20 pts) Let A be an n x n real matrix, where n is an even positive
integer. If AB = BA for all n X n real matrix B, show that det(A) > 0.

Problem 6. (20 pts) Let P (R) be the vector space of real polynomials of degree

at most one. Suppose T: P,(R) — P;(R) is a linear transformation defined by
T(a+bz) = 5a+ 2b+ (a + 4b)z. Find T*%(a + bx).
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