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~ A continuous random variable X with the probability density function:

f(x)z é, —-2<x<3
0, otherwise.
Please derive the density function of ¥ = X7, (10 43)
(Show the detailed derivation)
—_ ~ Assume that X follows the binomial distribution B(#, p) with:

f(x)z(ij" (l—p)"—x, x=0,1 2, ...,n

(2) Show that the moment-generating function of Xis M, (1) = (1 —p+ pe' )" .34
(b) Let p=A4/n. Show that X approximately follows the Poisson distribution Pois(1) with
f(x)=e7?2"/x!, where x =1, 2, 3..., when n is sufficiently large. (7 53)

(Show the detailed derivation for each of questions)
= - Assume that X is a discrete variable with the probability mass function f, (x)=¢" /x!, where x =1,2,3..., and that Yis a
continuous variable with the probability density function f£, ( y) =e™”, where y > 0. Moreover, X and Y are independent

random variables.
(2) What is the conditional probability Prob(¥ > X | X=x¢)? (5 43)
(b) What is the probability Prob(Y > X)? (5 43)
(Show the detailed derivation for each of questions)
’d ~ Let Xj; be the random variable with E(X;) = 4 = i and Var(X;,) = o?=1fori=1,2,.,nand r=1, 2, ..., n. Moreover,

n T
Cov(Xj, Xis) == 1 for t # s and Cov(Xy, Xj;) = Cov( Xy, Xjs) =0 fori#j. Let V= (ZZX ) /(nT } . Suppose that n =100

=l r=1
and 7=5.
(a) What is E(Y)? (3 47)
(b) What is Var(Y)? (7 43)
(Show the detailed derivation.)
A ~ The price of one share of stock Z is given by S; on the T day of the year. Assume that the differences X, = Si+1 — S; appear to

be independent random variables with a common distribution having mean 4 = 0 and variance o’ = 1/4. If §; = 100,

estimate the probability that Sses 1s
(a) What is the approximate probability of Prob(S;ss = 100] S1=100)? (5 77)
(b) What is the approximate probability of Prob(Ssss < 0] S1= 100)? (5 43)

(Give a reason for each of your answers.)
7~ ~ (15 43) A new kind of vaccine is used for two groups of patients. There are 100 patients in group A and 125 in group B. The
effective numbers of group A are 59, and 68 of group B. Are there significant differences (at significant level 5%) between
the effective ratios of the two groups?

1= ~ (15 47) The following hypothesis of a survey:

Hy:p=30
H :p#30

The standard deviation is assumed known o =5 and the sample size is 100. With o =5%, computing the probability of

making a Type Il error if x equals to 28.
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JA~ (20 ﬁl A person owns his wealth Wy at t = 0. The future daily wealth value W. is a random variable following
w.,-W, '

—”;,/V—’ ~ N(u,0%) with independent and identical distribution. He will measure the wealth after T days and

t

concerns the probable maximum loss of his position at confidence level 1-a (The probable loss amounts are called
value atrisk [VaR] ). Please derive:

VaR = IWT —E(WT)‘ = lZQIXO'X W, x JT

The Normal Distribution
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P[Zs:)=¢(z}=f — g™ dw
‘m\/‘,z‘;

[®{—2) =1 — &)

z | 000 001 0.02 0.03 004 0.05 006 007 008 0.09

00 | 05000 05040 05080 05120 05160 05182 05238 05278 0.5318 0.5359
0.1 {05398 05438 05478 05517 0.5557 0.5596 05636 0.5675 05714 05763
0.2 105793 05832 05871 05910 05348 05387 0.6026 0.5064 06103 0.56141
03l 06178 06217 06255 06293 06331 065368 06406 0.6443 06480 0.651 7
0.4 106554 06591 08628 0.6664 06700 06736 0.6772 0.6808 0.6844 0.6879

05106915 0.6950 06985 07013 0.7054 0.7088 07123 0.7157 07180 0.7224
06107257 07291 07324 07357 07389 07422 07454 074886 0.751 7 07549
0.7 107580 07611 07642 07673 07703 07734 07764 07784 07823 0.7852
08 | 07881 0.7910 07939 07967 07985 0.8023 08051 0.8078 08106 ~0.8133
00 | 08159 ©B186 0.8212 0.8238 08264 0.8289 08315 0.8340 0.8365 0.8383

10108413 08438 0.8461 08485 0.B508 0.8531 0.8554 0.8577 0:8599 0.8621
11 108643 08665 0.8586 0.8708 0.8729 08749 08770 08790 08810 0.8830
1.2 | 0.8849 ©0.8869 0.8888 0.8907 0.8325 0.8944 08962 08580 08987 0.8015
13100032 09049 09066 08082 08088 09115 09131 09147 09162 09177
1.4 109192 09207 08222 09236 09251 09265 08278 08282 08306 039319

15109332 09345 03357 03370 09382 0.9334 0.9406 0.9418 03429 0.9441
1.6 | 09452 0.9463 09474 09484 09495 09505 0.9515 0.3525 0.8535 0.9545
1.7 109554 09564 08573 09582 0.9591 09538 0.9608 09816 0.9625 0.8633
18| 09641 0.9643 09656 09664 09671 08678 03686 09693 03639 0.8706
19105713 09719 09726 0.9732 09738 08744 039750 0.8756 0.9761 0.9767

201098772 09778 09783 09788 09783 0.8798 0.9803 0.5808 09812 0.9817
21109821 09826 0.9830 05834 09838 09842 03846 09850 095854 0.9867
22109867 09864 009868 09871 09875 0.9878 09881 09884 0.9887 0.9890
2.3 10.8893 09895 0.9898 05301 09904 0.9906 09903 05811 03313 0.9916
2408918 09920 05922 09%25 08927 05929 05931 0.8932 09934 0.9536

25109938 0.8%40 09941 09843 08945 03946 0.9848 0.5949 0.8851 08952
26109953 0.9955 0.9956 0.8957 09959 0.9960 0.9961 0.9362 0.9963 0.9864
27108965 09966 058367 09368 09969 0©.9970 0.9871 0.8%72 0.3973 0.9974
2.8 109974 .0.9875 09376 09977 08977 0.8%78 0.9878 03979 03980 0.9981
251089981 0.9382 09982 09983 09984 0.9384 0.9985 0.9985 09985 0.9986

3.0 109987 0.3887 039987 09988 0.9988 0.9983 09383 09989 0993¢ 0.8980
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