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1. Let/,V, 2 and ~ denote the logical AND, OR, implication and NOT operations
respectively. Then which of the following sentences is not a tautology ?
@ ®>@>1)> ((p >9) > (p >0)
®PY(gAD > (pVagir
() ~(p2q)>~q
@ pA(qVr) > (phgvr
2. Let Aand B be two regular languages over {0,1}. Then which of the following
languages is not a regular language 7
(@) {x & {0,1}* ] the last 3 bit of x is 1" }
(b) {x & {0,1}* | There is a bit string y with |y/ = x| and xy e A }
(c) {xx|x e {0,1}*)
(d} {xyix e Aand y ¢B }
3. Which of the following statements about tree is FALSE 2
(a) There exists a tree with degrees 3.3.22,1,1.1.1.
(b) Every tree is hipartite,

(c) Every tree is planar.
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(d) If two (rees have the same number of vertices and and the same degrees,

then the two trees are 1somorphic.
4. Which of the following statements is TRTIE?

(a) There exists a connected planar simple graph with 7 vertices, 9 edges
and 5 regions.

(b) For all connected multi-graphs G, if the vertices of G have degrees
2221344, respectively, then it has an Bular circuit.

(c) The chromatic numbers of all planar graphs are less than 4.

(d) There exits an irreflexive and transitive relation which is not
antiymmetric.

Let A= {{x.y) X, y € {] JEWL"LG} } and definc a relation R on A with (x;,y;) R
(x2,y2) if and only if x, ¥z = X2 ¥1. Il is easy to show that R is an equivalence
relation on A, Now answer the tollowing two questions:
5. What is the size of the equivalence class [(2,4)] ?
@2  ®3 (@4 (@5
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6. How many equivalence classes are there induced by the R relation ? ﬁ'
{a) 11 (by13 ()17  (d)25 *
7. LetSe, 8;,8:. . bea sequence defined as follows: 8, 8, 8; = 10, and Sk =58 - &
65 k.; for all k = 2. Let the solution of S, be of the form: Sn=a2"+b3" foralln> L
0. Then what is the value of a + b ? ¥
(a) 6 B8 ()6 (d)-4 L
8. What is the maximal number of leaves for a rooted 3- -ary tree of height n = 0. Note
the height of a trec with only a single node is 0.
9. What is the sum of all coefficients of all terms in the expansion of the (3x — y)** ?
10. Find a positive integer n < 231 such thatn = 2 (mod 3) = 5 (mod 7) andW= 2
(mod 11).
Il EHETEREEHE (3£ 30 43 )
11. (10 pts) For all integer n > 0, define Hny=1+12+1/3+ ...+ I/n.
{4) Show that for all integern >0, (n+2)/2 < H(2") <n+2.
(b) Using the above result to show that H{n) = A(log n).
12. (20pts) A tournament is a directed graph without self-loop such that ifu + v are two
vertices of the graph, then exactly one of (u,v) and (v,u) is an edge of the graph.
(a) How many different tournaments are there in a set of n > 0 vertices 7 (5 pis)
{b) What 1s the sum of the in-degrees and out- degrees of all vertices in a tournament
with n > ) vertices? (5pte)
(¢) Show that every townament has at least 2 Hamlton path 7 (Note: A Hamilton path is
a path passing through all vertices exactly once. This thearem can be proved by
induction) (10 pts)
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L. (1) Three fair dice are rolled. You are allowed to bet | dollar on the occurrence of one j:;
of the integers 1, 2, 3, 4, 5, 6. Suppose you bet on the accurrence of a 5. Then if 5 *
vne 5 occurs (on the 3 dice) you win 1 dellar, if two 5% occur you win 2 dollars, .
and if three 57s occur you win 3 dollars. If no 5’s oceur you lose 1 dollar. Let V be ]
the net amount you win in one play of this game. What is the probability density L 1
{or mass) function of V? What are its mean and variance? Is this a fair game?( E‘_i J L‘{‘

(2) Suppose that we are going to drive a car to an athletic event. From past experience
in making this trip we are willing to assume that our driving time is equally likely
1o be anywhere from 20 to 30 minutes. If we let X be the number of minutes it will
take us to get there, what is the probability density function of X? What is the

cumulative distribution function of X? What are the mean and variance of X? (/ "/? ).

(3) At a certain manufacturing plant, accidents have been occurring at the rate of 1
every 2 months. Assuming that the accidents occur independently, what is the
expected number of accidents per year? What is the standard deviation of the
number of accidents per year! What is the probability of there being no accidents
in a given month? ! E’% )

(4) Students at a large university are required to take an entrance exam when entering
the school (scored on a basis of 100 puiuls possible). Let X be the score made by a
particular incoming student {who does go on to graduate) and let Y be his
graduating quality point ratio (4 points = A). The joint density function of X and Y

1 . . _
is observed tobe £, , (x, 1) = e for 2< y<d, I8y -1)<x<iSy .
0, otherwise

Find u,, f,. and p,, . Explain the significance of p,, . { ;g?,)
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