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1. Let/,V, = and ~ denote the logical AND, OR, implication and NOT operations,
respectively. Then which of the following sentences is not a tautology ?
@) (p2(@=>1) > ((p>q) > (p >r)
BYpV(qhD > (pVgir
€)~(p2q)>~q
(dpA(qVr) > (phqvr
2. Let A and B be two regular languages over {0,1}. Then which ol the following
languages is not a regular language 7
(a) { x € {0,1}* | the last 3" bit of x is “1”" }
(b) { x € {0,1}* | There is a bit string v with v =|xland xy e A }
(©) {xx|x & {0,1}*}
(d) {xy|xeAandy B}
3. Which of the following statements about tree is FALSE ?
(a) There exists a tree with degrees 3,3,2.2.1.1.1.1.
(b) Every tree is hipartite.
(c) Every trce is planar.
(d) If two trees have the same number of vertices and and the same degrees,
then the two trees are isomorphic.
4. Which of the following statements is TRUF?
(a) There exists a connected planar simple graph with 7 verlices, 9 edges
and 3 regions,
(b) For all connected multi-graphs G, if the vertices of G have degrees
2,2,2,3,4.4, respectively, then it has an Fular circuit,
(¢} The chromatic numbers of all planar graphs are less than 4.
{d) There exits an irreflexive and transitive relation which is not
antiymmetric.

Let A= {(x,¥) %,y {1,2,3,4 »6}} and define a relation R on A with (x;,y;) R
(x2,¥2) if and only if x; y2 = x3 y). It is easy to show that R is an equnal-:nce
relation on A. Now answer the following two questions:
5. What is the size of the equivalence class [(2.4)] ?
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6. How many equivalence classes are there induced by the R relation ? s
(a) 11 (b}13 ()17  (d)25 ;
7. Let Sg, 81,82,... be a sequence defined as follows: S; =8, S; = 10, and Sy = 58, ; - ]
68 k2 for all k = 2. Let the solution of S, be of the form: §,=2a 2" + b 3" forall n = &
0. Then what is the valueofa+b ? £

(a) 6 (8 ()6 (d)-4

B. What is the maximal number of leaves for a rooted 3-ary tree of height n > 0. Note
the height of a tree with only a single node is 0.

9. What is the sum of all coefficients of all terms in the expansion of the (3x — vy ?

1. Find a positive integer n < 231 such that n = 2 (mod 3) , Y= 5 (mod 7) and = 2
{mod 11).
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11, (10 pts) For all integer n > 0, define H(n) =1+ 1/2+ 1/3+ .., + 1/n.
(a)} Show that for all integern=>0, (n+2)/2<H(2" <n+ 2.
{b) Using the above result to show that Hin) = &(log n).

12. (20pts) A tournament is a directed graph without self-loop such that ifu + v are two
vertices of the graph, then exactly one of (u,v) and (v,u) is an edge of the graph.
(a) How many different tournaments are there in a set of n > 0 vertices ? (5 pts)
(b) What is the sum of the in-degrees and out-degrees of all vertices in a tournament
with i = 0 vertices? (3pis)
(c) Show that every tournament has at least a Hamilton path 7 (Note: A Hamilton path is
a path passing through all vertices exactly once. This theorem can be proved hy
induction) (10 pts)
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T (1) True or false: a brief proof or counterexample is needed. (24%) o
(a) Every invertible matrix can be written as a product of elementary ;
matrices. B
(b) Similar matrices have the same eigenvalues and eigenvectors. *
(¢} If W is a subspace of a vector space of V, then every basis of W can be 1[
expanded inta a basis for V. Conversely, every basis of V can be reduced
to a basis of W,
(2) Find all solutions to the following linear system by reducing the associated
matrix to raw echelon form.
2x—y-3z+w=2
x-2z+w=1 (8%}
=3x+y+z4+2w=3
(3) Let V be the space of all 2x2 matrices with real entries, Let T: V — V be
defined by T(A) = A" where A’ is the transpose matrix of A. Show that T is a
Iinear transformation. Is T diagenalizable? Explain your answer. (8%)
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