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Problem. 1. (15 pts) A matrix M is called skew-symmetric if M = —M. Denote
My« (C) as the set of all n x n matrices. Let W1 C Mpxn(C) be the set of all n x n
skew-symmetric matrices, and Wy C M,,,,,(C) be the set of all n. xn symmetric matrices.
Show that M,,«,(C) = Wy @ Wy,

Problem. 2. (15 pts) Let P,(C) be the vector space of complex polynomials f(x)
of degree at most n, where n is a positive integer. Let D be the matrix of the linear
differential operator Tldi acting on P, (C) with respect to some basis of P, (C). Prove that
D is not diagonalizable.

Problem. 3. (15 pts) Prove or give a counterexample: Let A be an n x n matrix with
entries in R, then the eigenvalues of 4 and A! are the same.

Problem. 4. (15 pts) Let A be a matrix in SL(2,C). That means A4 is a 2 x 2 matrix
with complex entries and determinant 1. Suppose the eigenvalues of A are A1 and Ay
(not necessary distinct). Please find all possible pairs of (A1, A2). No credit will be given
if you just write down the answers without proof.

Problem. 5. (15 pts) Let
L
A= 10 33 —16
0 48 —23

Diagonalize the matrix 4 or find the Jordan canonical form of A. Suppose D is the
result matrix. Find the 3 x 3 matrix @ and its inverse Q! such that Q rAQ = D.

Problem. 6. (10 pts) Let 7' : R" — R" be a linear operator. We say a vector v € R”
is a fixed point of T if T'(v) = v. Find the criteria of the eigenvalues of T such that T
has a unique fixed point. Justify your answer.

Problem. 7. (15 pts) Let V' = P(R) the the vector space of all real polynomials, with
R 25 1
the inner product (f,g) = [~ Lf(B)g(t) dt.

(a) (5 pts) Let P1(R) be the subspace of V' that contains all real polynomials of degree
at most one. Use the Gram-Schmidt Process to find an orthonormal basis for
IP1(IR) from the standard basis {1, 2} of P;(R).

(b) (10 pts) Suppose v is the projection of the vector 4 + 3z — 222 on Py (R) . Find the
coordinates of the vector v with respect to the orthonormal basis of P, (R) that
you found in part (a).
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