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(10%) Let the joint density of (X,Y) be f{x,y) =c, 2* +9* < 1.

(a) Find ¢ and compute the correlation of X and Y.
(b) Are X and Y independent? Why or why not?

(10%) Let X be a random variable with density f(z) = Ae ™, 2z > 0, A > 0. Find the
marginal density functions of ¥ =+/X and Z =1 — e X,

(10%) A die is rolled and denote the probability of a 6 appearing by p. How many times
should we throw the die if the probability of estimating p with error within 0.01 is at least 0.97

(10%) Let Xy,---, X, be a random sample from the uniform distribution on the interval (-
10,10). Let Xqy < -+ < X{py be the order statistics of Xy, .-, X,,. Compute E(X7 — X(3).

(15%) Suppose that the random variables Yi,---,Y, satisfy
E:5Ii+8i, ?;:17“':“7
where xy, - -+, z,, are fixed constants, and &q, -+, ¢, are i.i.d. N(0,0?), 0% unknown.

(a) Find a sufficient statistic for (8,0%).
{(b) Find the MLE (maximum likelihood estimator) of 8. Is it an unbiased estimator?

(15%) Let Xq,--+, X, be a random sample from the uniform distribution on the interval (0, 8),
§ > 0. Find the UMVUE (uniformly minimum variance unbiased estimator) of ¢ if it exists.

(30%) Let Xj,--+, X, be a random sample from N(y,a?) distribution. Consider testing
Ho:pw < po vs. Hy @ g > po. Let X denote the sample mean and S? denote the sample
variance.

(a) If 02 is known, show that the test that rejects Hy when

X > o+ 2o/ 02/n

can be derived as an LRT (likelihood ratio test), where 2, satisfies P(Z > z,) = o with
Z ~ N(0,1).
(b) Show that the test in (a) is a UMP (uniformly most powerful) test.

(c) If 02 is unknown, show that the test that rejects Hy when

X > [ + tnfl,oz'\f' SQ/n

can be derived as an LRT, where t,,_; , satisfies P(T),_1 > t,,1,) = o with T,,_; following
the ¢ distribution with n — 1 degrees of freedom.
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