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There are siz problems and 100 points in total.

1. (12 pts.) Let W be the subspace of R® spanned by a; = 1,1, -1, a; =[0,1,~2],
az = [2,3,—4], and a; = {0, 3, —6]. '

(2) Determine whether the vector b = [1, —1, 3] lies in W.
(b) Find a basis for W.
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2. (18 pts.) Let A= 30 -3 1|
141 =30

{a) Determine the rank of A.
(b) Find a basis for the column space and a basis for the row space of A.
(¢) Find a basis for the nullspace of A.

3. (18 pts.) Let 4 and B be n X n matrices.

(a) Prove that rank(AB) < rank(A).
(b) Prove that rank(AB) < rank(B).
(c¢) Find a necessary and sufficient condition for rank(AB) = rank(B).

4. (12 pts.) Let T be the linear operator on the vector space Py = {a+bz +cz? |
a,b,c € R} given by : '

T(f(z}) = f(1) + F(0)z + 2f"(0)z>

(a) Give the matrix of T relative to the standard basis {1, z, z2} of Ps.
(b) Is T diagonalizable?

5. (20 pts.) Suppose that a 4 x 4 matrix A has eigenvalues 1, —1, 2, and —2. Find
the trace and determinant of A% — 544 + 47.

6. (20 pts.) Find & unitary matrix U and a diagonal matrix D such that U—*AU =

1 —i 0 -
D, where A= |z 1 Q.
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