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1. (20%) Consider a double intégral i f(z, y)dzdy over a region R, where R is a sector of a
circle with radius 1 as shown in the following figure.

Y

(a) (5%) Write down the integral explicitly in Cartesian coordinates (by finding the range
of z and y). ’

(b) (5%) Write down the integral explicitly in polar coordinates.

(c) (10%) Consider the chahge of variables: u = z —y and v =  +y. Find its Jacobian and
rewrite the integral explicitly with respect to the new variables.

2. (25%) Let f(z,y) = 22 + 33 — y be a smooth function on the region
R={w,y€§R2:—-2§m§y_<_2}.

(a) (3%) Describe the boundary of R.

(b) (2%) Calculate the area of R.

(c) (5%) Find the critical points of f over the interior of R.

(d) (5%) Find the local minimum and local maximum of f over the interior of R.

(e) (10%) Find the global minimum and global maximum of f over the interior and boundary
of R. :

3. (20%) Consider a sequence ag = 1, a3 =1 and Gn42 = Gnt1 + ap for all n > 1. One can
rewrite the recursive formula in terms of matrices as

n+2 = A Q1
Qn+1 G,

(a) (5%) Find A and its eigenvalues.
(b) (5%) Find a general form of a,, in terms of eigenvalues and eigenvectors of A and 7.

(c) (10%) Find the minimal n so that an > 10%.

where A is a 2 x 2 matrix.
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4. (35%) A linear transform P from a vector space V to itself is called a projection if P? = P,
Suppose V = R3 and W is the subspace of V spanned by (1,-1,0) and (1,0,-1).
(a) (5%) Find all possible eigenvalues of P.
(b) (5%) Show that P is always diagonalizable.
() (%) Find an orthogonal basis vy, vo,vs of V 86 that v1 and vy is a basis of W.

(d) (10%) Find the matrix of the projection P on V given by P(aivi + aguy + agus) =
a1v1 + agvs.

(e) (10%) Consider a system of linear equations X8 =y, where

i 1 0 b1 A
X=|-1 0 1}, B=|B}|, andy= |1
0 -1 -1 \Bs 1

This .m%m,amﬂ of linear equations indeed has no solutions. Find B that minimizes the
sum of squared errors, SSE(8) = (X8 — y)*(X8 — y). Here, the superscript ¢ is matrix
transpose. (Hint: Solve the equation X/ = Py.)
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