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. (40 points) Given x;, Y;, i = 1,2, ...,n, independently follows N(Bo+fix;, ¢°), o and B
unknown, but ¢ known. Also, not all the x;’s are equal, 3,1, x; = 0, n>2.

(1) (8 points) Find the joint sufficient statistics for (B, B1).
(2) (8 points) Find the maximum likelihood estimators (MLEs) of (B, £1), say(Bo. £1).
(3) (8 points) What is the joint distribution of (ﬁo, B,)?

(4) If, for given x;, Y¥;, i=1,2,...,n, independently follows Bernoulli (4, wi (1 - ) ),
where

ePo+B1xg
W= 1+eB°+lei’

(a) (8 points) Show that (TiL, Y, Xiz, x;Y;) is sufficient for ( ,Bé, Bi).

(b) (8 points) Find the likelihood equations. Show or argue that the MLEs of (B, B1)
are functions of the sufficient statistics (¥{L; Y;, i1 X;Yi).

2. (20 points) Let X and Y be two independent random variables coming from Poisson
distributions with parameters E(X) = A1, E(Y) = A2, respectively.

(1) (10 points) Find the conditional distribution of X]|X+Y=m.

(2) (10 points) Suppose we have two random samples X, X3, ..., Xnand Y1, 13,..., Ya
coming from Poisson(A1) and Poisson(Az), respectively. We are interested in testing
Ho: A1/A2<1 vs H}: Mi/A2>1. Consider X;| X+ Yi=mj, X2| X2+ Y2=my, ..., Xn|Xnt
Y,=mp. Based on Xi|Xi+ Yi=m,, i=1,2,...,n, construct an (conditional ) uniformly
most power test with level a.

3. (24 points)

(1) (6 points) Let X be a continuous random variable with cumulative distribution
function Fy. Show that U = Fy(X) follows an uniform distribution, U(0,1).

(2) (6 points) Show that -2/nU follows a chi-square distribution with 2 degrees of
freedom.

(3) (6 points ) Let T(X) be a test statistic (with some probability density function) in
testing Ho: @ = 6 vs H;: 6> . The critical region for the test is determined by

P(I(X)) 2¢) =,
(FEARE  HHRAEE)
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where a is the level of significance, ¢ is some constant. Show that

p-value = P(T(X) 2 t(x))

follows an uniform distribution, where #(x) is the observed value of 7(X).

(4) (6 points) Let Py, Ps,..., Pr be the p-values obtained by » medical centers in testing
Ho: 8= 6y vs H;: 0> . It is known that all the medical centers follow the same
protocol in collecting the data. How to merge the above n p-values into one

quantity so that the test Ho: @ = 6y vs Hi: 6> 6 can be performed more
effectively?

4. (16 points) NHMEXEEHBT EAFANEZRFIHEAARI AN Ao
BEEEILHAR - B THLEHFSAAKRE > 3% 8 A 6 BLE: 3 A B FoRig 3
AETATHE - BMBRLER - S FPALOREATILH A p A RELMEAR
R AW R B RE (SURE » sensitivity) & s RA REFLREARR HRMH
BAEthis % (eA# & » specificity) B g -

(1) Bpoints ) K— KRR T ERAGHRME » EFX LAERREGRE » AN
# (false pos1t1verate) £p=0055=099g=09TF —RERAGBEEH
9

(2) (8 points) fe(a)¥ ARAFEa A IF R TR & B RBH R —EFT XA ETARR-
KB 2REBHE FRLERREGASG R - REP=0055=099=09
THyEEE




