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1. {(10%) Let X and Y be independent uniform(0,1) random variables. Please compute the
following probabilities: (a) P(|X — Y| <05); (b) P(Y > X |Y > 0.5).

2. (10%) Let X be a Poisson(A) random variable. Use Chebyshev’s inequality to derive the
following inequalities: (a) P(X < A/2) <4/, (b) P(X = 2X) <1/A

3. (10%) Let X be uniform(0,1) and ¥ be exponential(A) random variables. If X and Y are
independent, then what is the density function of Z = X + Y7

4. {15%) Let X and Y be independent gamma(ay, A) and gamma(as, A) random variables, re-
spectively. Is Y/X independent of X 4+ Y7 Please verify your answer.

5. (15%) Let X and Y be independent exponential(A) random variables. Let Z = max(X,Y).
Please compute E(Z) and Var(Z).

6. (10%) Let Mx(t) = p"(1 — e*(1 — p))”™ be the moment generating function of a random
variable X, where 0 < p < 1 and ¢ < —In(l —p). Please compute E{X) and Var(X) by
using Mx (t).

7. {16%) Let U and V' be independent normal(0, 1) random variables. Let Z = pl/ ++/1 — p2V,
where |p| < 1. Please compute (a) the joint density of X = py + 01U and Y = ug + 027,
where oy and g5 > 0, and (b) the conditional density of ¥|.X = 2.

8. (15%) Let X, be a gamma(n, A) distribution with mean n/A, where n is an integer and
A > 0. Please use central limit theorem to derive the limiting distribution of (AX,, —n})//n
as 1 — 00,
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