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1. (7%) Find the Laurent series representation of a function

5z + j2
22+ jz

f(2) =

with center at z = 7 inthe domain 1 < |z —j| <2, j =+v—1.

2. (8%) Evaluate the following integral:

3.1/z
/ze 3dz,
cl+z

where C denotes a counterclockwise simple closed contour |z| = 3.

3. (15%) Compute the Fourier transform F'(w / f(t)e™*dt of a signum function f(t) defined as

-1, t<0
f&)y=<0, t=0
1, t>0

Each calculation step is required for obtaining the credit.

4.(15%) TEHMMAEF ZETA  REEHEAFRALRFTCRER tist @) #ld

(@ f=1,7v=2- :

Leta; = [1 01 a] T, ap = [l g 2 Z]T, and az = [—2 3 v —4} T pe three vectors in R4,

where o, B, and v are three real parameters, and denote A := [al as 83:| € R4%3, ’

(a) (4%) Suppose « is not a positive integer. Find real # and -y such that {a;, as, as}isalinearly
dependent set. ‘

(b) (5%) Nowleta =2, = —1,7 = —5, and let x be a nonzero vector in the null space N (A) of
A. Find the value of & to satisfy [|x[|1 + 2||x]|eo + £||x]lz = 0. .

(¢) (6%) Nowleta =2, =—1,7= —5, and let d denote the distance between vector [1 4 O}T
and R(AT), the range space of A”. Compute the value of d.

5.(10%) FaeMats —ETFE REEHSETFTANEERTCRER Hst @) i
(a) 0 =30°%0 =7/6

~ Denote S := span{1, z} as a subspace of C|0, l].
(a) (4%) Compute the angle 6, taken value in [0, /2], between 1 and z.
(b) (6%) Find a vector u(z) in C[0, 1, so that {1, u(x)} forms an orthonormal basis for 5.

Consider the inner product space C[0, 1] with (f, g / f(z)g(z)dz and the norm || f|| := /{f, f)-
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6. (20%) Consider the following system of differential equations:

i?l(t) = Q1171 (t) -+ algxz(t)
be (t) = agllﬁl(t) + Q2929 (I'Z) + ’b.‘,(t)

where a11, 12, ag1, a9y are constant coefficients.

(5%) Suppose u = 0 and the equations are driven by non-zero initial conditions. Determine the
conditions on the coefficients aiy, 19, o1, ase such that lim z1(t) = 0 and lim z,(t) = 0.
t—0c0 t—00

(10%) Let the initial conditions be equal to zero. For the values a1 = —1, a9 = 1, ag; = 0,
a9 = —1, and
1 t>0
u(t) = P
0 t<0
calculate the response y(t) = 2z, (t) — z5(¢t). Determine at what time the peak value of y occurs.
(5%) For the values ay; = 0, a1 = 1, ag1 = —1, age = —2, and u(t) = sin(t), calculate the

steady-state response of y(t) = z1(t) — z5(¢).

7. (15%) Consider the region R enclosed by the z-axis, z = 1 and y = 23, as illustrated below

Y A r=1
03 R 02
» T
¢
Fig. 1

(3% +2%) Find the flux of F= (1 4 y?)j out of R through the two sides C; (the horizontal
segment) and C,, (the vertical segment).

(10%) Find the flux of F= (1 + y?)j out of the third side Cs.

8. (10%) Consider the following Lyapunov equation

XA+ATX +Q=0

where A is a (n-dimensional) real square matrix, and X, @ are real symmetric matrices.

(5%) Suppose all eigenvalues of A have negative real parts. Show that X = / eATTQeATdT is
0

a solution to the Lyapunov equation.

(5%) Suppose @ is positive definite and the Lyapunov equation has a positive definite solution
X. Show that all eigenvalues of A have negative real parts.
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