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Calculus

1. (10 pts) Let
F(x) :/ kv — t| cost dt.
0
Find F'(z) for 0 < z < .

2. (10 pts) Find the area of the region
Q= {(z,y)/ 22° + 2zy + 5y° < 1}.

Hint: 22° + 2zy 4 5y° = (= + 2y)2 + (z — y)2 .

3. (12 pts) Maximize the function
[z, y, z) =2%3Y5"

subject to the constraint z2 + y? + 2% = 1.

4. (12 pts) If 0 < = < n/2, prove that
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5. (16 pts) Let f(z,y) = 423 — 122% + y? — 36z + 6.

(a) Find the critical point(s) of f.
(b) Classify the nature of the critical point(s).

(c) Find the relative extremum of f, if it exists.

6. (20 pts) Let a,, be defined by

ap =14+ =+ ---4 logn.

(a) Show that {a,} is a decreasing sequence of positive numbers.

(b) Does lim,,_, . a, exist? Why?

(¢) Show that the alternating series 1 — % + % — % + - - - converges to log 2.

7. (20 pts) Let y (t) be the size of a quantity at time ¢. Suppose that y (t) < Y for all ¢ > 0, and that v
satisfies the differential equation

ky (Y — logy)
y(0) = o ’

where Y, k and yg are positive constants.
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(a) Solve this differential equation.

b) Find the time ¢ at which the growth rate y’ (¢) is increasing most rapidly.
g



