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1. (10 7) If S C R and z € R, then z is called an accumulation point of S if every 1-ball

9
B(z;d) contains at least one point of S distinct from z. Prove that if a bounded subset

S of R contains infinitely many points, then there is at least one point in R which is an

accumulation point of S.

2. (1047) Prove the following version of the Intermediate Value Theorem: Let f be a
continuous real-valued function on an interval [a, b] in R, and assume that f(a) f(b) < 0.

Then there is at least one point ¢ € (a, b) such that f(c) = 0.

3. (a) (10 777) Let f : [a,b] — R be continuous. Show that f is uniformly continuous on
a, b).
(b) (5 77) Define f(z) = 1/z for z € (0,1). Is f uniformly continuous on (0, 1)? Prove

or disprove your answer.

4. Let f: R — R be defined by
flz,y) =(e"Y+azy+z(y - 1)* 1+ 2° + 2* + (zy)°)

(a) (8 #7) Show that there are neighborhoods U of (1,1} and V of (2,4) such that

7]
f U — V 1s one-to-one and onto.

(b) (7 #7) If f~'(u,v) = (g(u,v), h(u,v)) is the inverse function of f from V to U,
find the Jacobian matrix of f~! at (2, 4).

5. (10 %°) Suppose f is a bounded, Riemann integrable function on the interval a, b, g is
an increasing function on |[a, b}, and suppose f > 0. Prove that there is a point £ € [a, }]

such that ,
b £
ziglz)dz = gla ) dx b dx.
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6. Consider the sequence

1\ n+5
bn:(l-l—-—) 2, n e N.
T

(a) (5 #7°) Prove that this sequence {b,} converges to a real number L.

(b) (10 %°) Which one is larger, byyg or L? Justify your answer.

7. (15 777) Let f(z) be a continuous function in the interval —1 < z < 1. Prove that:

Yh
lim flz)dz = m- f(0).

h—0+ J_1 h? 4 z2

8. (10 %) Let B be the closed disk z2 + y? < 1 on the plane. Evaluate the following

double integral

// Inv/z2? + y? dz dy.
B
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