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— ~ (20%, 5% cach) Give the definition for each of the following underlined terms.
1. A linear transformation 7" from the domain D to the co-domain C.

2. Abasis B for a vector space V.
3. A discrete random variable X for a random experiment with the sample space $.
4.

Ano Gaussian dom variable X.

=~ (10%) Let

1 1 1 2 1
A=| 0 1 -2{ and C=|~1 O
-1 6 1 0 -1

1. Calculate AC. (53%)
2. Calculate 4" using row reductions. (5%)

=+ (10%) For each of the following two matrices 4 and B, determine its invertibility and
diagonalizability respectively. Use as few computations as possible.

®? ~ (10%) Let A be an mxn matrix. Prove that the orthogonal complement of the row space of
A is the nullspace of 4,i.e., (Row A)" =Nul 4. (Hint: consider Ax = 0.)

Z ~ (10%) Suppose that 4 is an nxn real-valued symmetric matrix. Show that all the

eigenvalues of A are real. (Hint: consider the quadratic form X' 4x, where X' denotes the

conjugate transpose of the vector x.)

75 ~ (10%) A box contains S red balls and 3 blue balls. Suppose that two balls are selected
from the box at random without replacement. Let A be the event that the first ball is red and B
be the event that the second ball is red. Find P(4), P(B{4), and P(B). Arc A and B

independent?

+ ~ (10%) A dice is rolled 10 times. Suppose for each time P(1) = P(2) = 1/4 and P(3) = P(4)
= P(5) = P(6) = 1/8. What is the expected value of the sum of the squares of the outcomes?

A\ ~ (10%) Suppose that earthquakes occur in a certain region of Taiwan, in accordance with a
Poisson process, at a rate of four per year. |
1. What is the probability of no earthquakes in a year? (5%)
2. What is the probability that there will be at least one earthquake in the next six
months (i.e., in half a year)? (5%)

7L ~ (10%) Let pxi(x, y) = P{X=x, Y=y} denote the joint probability mass function of two
random variables X and Y. Suppose that px(0, 0) = 1/2, px(-1, 0) = 1/12, pxK1, 0) = 1/6, and
PxK0, 1) = 1/4. Calculate the marginal probability mass function of X and ¥, respectively. Are
X and Y independent? Are X and Y uncorrelated? Explain.




